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Abstract. We give a systematic description of the cyclic cohomology theory of 
Hopf algebroids in terms of its associated category of modules. Then we intro- 
duce a dual cyclic homology theory by applying cyclic duality to the underlying 
cocyclic object. We derive general structure theorems for these theories in the spe- 
cial cases of commutative and cocommutative Hopf algebroids. Finally, we com- 
pute the cyclic theory in examples associated to Lie-Rinehart algebras and etale 
groupoids. 
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Introduction 

In geometry, groupoids are a joint generalisation of both spaces and groups. As 
such they provide a generalised symmetry concept that has found many applica- 
tions in the theory of foliations, group actions, etc. In particular, the cohomology of 
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the classifying spaces of (Lie) groupoids are the natural domain for the character- 
istic classes associated to such geometric structures. Symmetries in noncommuta- 
tive geometry, i.e. the noncommutative analogue of group actions, are encoded by 
the action or coaction of some Hopf algebra on some algebra or coalgebra, which 
plays the role of a "noncommutative space". 

Hopf algebroids are the noncommutative generalisation of groupoids and as such 
provide a concept of generalised symmetries in noncommutative geometry: they 
generalise Hopf algebras to noncommutative base algebras. However, there exists 
more than one definition. Originally introduced as cogroupoid objects in the cate- 
gory of commutative algebras (see e.g. [Raj), the main difficulty of defining Hopf 
algebroids stems from the fact that the involved tensor category of bimodules is 
not symmetric, so that a straightforward generalisation of the corresponding no- 
tion for Hopf algebras does not make sense. 

Thinking of a Hopf algebra as a bialgebra equipped with an antipode, the first 
step, the generalisation to so-called bialgebroids (or x ^-bialgebras) is unambiguous: 
this is a bialgebra object in the tensor category of bimodules over a (noncommuta- 
tive) base algebra (cf. ISllT1 0ISchTllX2IIBrzMil ). 

Approaches begin to differ when adding the antipode. The first general defini- 
tion appeared in [LuJ, where an auxiliary structure (a section of a certain projection 
map) was needed. Motivated by cyclic cohomology, as we discuss below, a closely 
related notion of para-Hopf algebroid was introduced in [KR3]. 

In this paper we will consider the alternative definition of IBSzi |B1| , which, 
roughly speaking, consists of introducing two bialgebroid structures on a given 
algebra, called left and right bialgebroid (cf. fKadSzJ), and views the antipode as 
mapping the left structure to the right one. This setup avoids the somewhat ad hoc 
choice of a section and makes the definition completely symmetric. Also we will 
show in [J3]that Lie groupoids and Lie algebroids (or rather Lie-Rinehart algebras) 
lead to natural examples of such structures. However, the immediate generalisa- 
tion of a Hopf algebra to a noncommutative base ring is, strictly speaking, rather 
given by a x yn-Hopf algebra [Sch2], while Hopf algebroids in the sense of [BSz'.'Bl] 
generalise Hopf algebras equipped with a character (i.e. with a possibly "twisted" 
antipode IICr3[|CM2l ). For reasons to be explained in Remark r3.12i we will refer to 
X /I -Hopf algebras as left Hopf algebroids. 

Cyclic cohomology for Hopf algebras, Hopf-cyclic cohomology, is the noncom- 
mutative analogue of Lie algebra homology (which is recovered when applied to 
universal enveloping algebras of Lie algebras). It was laimched in the work of 
Connes and Moscovici [CMIJ on the transversal index theorem for foliations and 
defined in general in llCrSI (cf. also IICM2I ). A vmiversal framework suited to de- 
scribe all examples of cyclic (co)homology arising from Hopf algebras (up to cyclic 
duality) was given in |Kay |, based on a construction of para-(co)cyclic objects in 
symmetric monoidal categories in terms of (co)monoids. 

The generalisation of Hopf-cyclic cohomology to noncommutative base rings, 
i.e. to Hopf algebroids, has been less explored. For instance, the general machin- 
ery from ]Kay| does not apply to this context (because the relevant category of 
modules is not symmetric and in general not even braided). It appeared for the 
first time in the particular example of the "extended" Hopf algebra governing the 
transversal geometry of foliations in IICM3I . In this context, certain bialgebroids (in 
fact, left Hopf algebroids) carrying a cocyclic structure arise naturally. Extending 
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this construction to general Hopf algebroids is not straightforward: for example, 
the notion of Hopf algebroid in BLul is not well-suited to the problem. This led in 
IIKR3I to the definition of para-Hopf algebroids, in which the antipode of fLu] is 
replaced by a para-antipode. Its axioms are principally designed for the cocyclic 
structure to be well-defined adapting the Hopf algebra case. However, the re- 
sulting para-antipode axioms appear quite complicated and do not resemble the 
original symmetric Hopf algebra axioms. In particular, guessing an antipode (and 
hence the cyclic operator) in concrete examples remains intricate. 

In |B§| a general cyclic theory for bialgebroids and left Hopf algebroids (in terms 
of so-called (co)monads) is developed that works in an arbitrary category, and 
hence embraces the construction in ]Kay| for symmetric monoidal categories. 

In this paper we shall show that the cyclic cohomology theory for Hopf alge- 
broids in the sense of LPSz, BIJ is actually naturally defined and explain how it fits 
into the monoidal category of modules and the cyclic cohomology of coalgebras, 
generalising the corresponding Hopf algebra approach from [ Cr31ICM2ll . 

Besides the cyclic cohomology, we develop a dual cyclic homology theory by, 
roughly speaking, applying cyclic duality to the underlying cocyclic object. This 
generalises the dual theory for Hopf algebras fCr2','KRl] and is more related to a 
certain category of comodules (over one of the underlying bialgebroid structures). 
It should be stressed that this homology theory is not simply the Horn-dual of the 
cohomology theory mentioned above; it can give interesting results even when 
the cyclic cohomology is trivial, cf. i i3.2l for an example. Generally, in each of the 
classes of examples we consider, one of the two cyclic theories does not furnish 
new information compared to the respective Hochschild theory, whereas the other 
one does. However, these examples are in some sense "extremal" with respect to 
primitive and ( weakly) grouplike elements — we do not pursue this any further here. 

Outline. This paper is set up as follows: in iJT]we review the definition of a Hopf 
algebroid as in |B1[ IBSzl and give a brief description of the associated monoidal 
categories of modules and comodules. We then give a systematic derivation of 
the cyclic cohomology complexes using coinvariant localisation in the category 
of modules over the Hopf algebroid (i l2.1l and m.2} . The dual homology is con- 
structed in i]2.3l by applying the notion of duality in Connes' cyclic category, after 
the cochain spaces have been mapped isomorphically into the category of certain 
comodules by means of a Hopf-Galois map (cf. ISch2l ) associated to the Hopf alge- 
broid. 

The remainder of section |2] is devoted to some ramifications of the theory. We 
identify the Hochschild theory as certain derived fimctors ( m.5i and prove struc- 
ture theorems which allow to express the cyclic theory of commutative and co- 
commutative Hopf algebroid in terms of their respective Hochschild theory (! 12.6|l . 
This generalises a similar approach for Hopf algebras [KRIJ. 

Section|3]is devoted to examples: we discuss Hopf algebroids arising from etale 
groupoids, Lie-Rinehart algebras (or Lie algebroids), and jet spaces of Lie-Rinehart 
algebras. In all these examples, the left bialgebroid structure has been described 
before in the literature, and we add both the right structure and the antipode. 
For Lie-Rinehart algebras this leads to the following remarkable conclusion: the 
universal enveloping algebra of a Lie-Rinehart algebra has a canonical left Hopf 
algebroid structure (in particular it is a left bialgebroid), and a full Hopf algebroid 



4 



NIELS KOWALZIG AND HESSEL POSTHUMA 



structure depends on the choice of a certain flat right connection (cf. |H2|) on the 
base algebra. However, its dual jet space does carry a Hopf algebroid structure, 
free of choices. 

Finally, we compute the cyclic homology and cohomology in all these exam- 
ples and find that it generalises well-known Lie groupoid and Lie algebroid resp. 
Lie-Rinehart homology and cohomology theories. In particular, it generalises cor- 
responding results in Hopf algebra theory ICMl. ,Cr2. Cr3 , KRl| . 

Acknowledgements. We would like to thank Andrew Baker, Gabriella Bohm, and 
Marius Crainic for stimulating discussions and comments. This research was sup- 
ported by NWO through the GQT cluster (N.K.) and a Veni grant (H.P.). 

1. Hopf Algebroids 

1.1. Preliminaries. In this paper, the term "ring" always means "unital and as- 
sociative ring", and we fix a commutative ground ring k. Throughout the paper, 
we work in the symmetric monoidal category of fc-modules. For a fc-algebra A, 
its opposite is denoted by A°p, the enveloping algebra hy A'^ := A A°p, and 
the category of left A-modules by Mod (A). The category of A'^-modules, that is, 
{A, A)-bimodules with symmetric action of k, is monoidal by means of the tensor 
product over A. An A-algebra is a monoid in this category, i.e. an {A,A)- 
bimodule LI equipped with (A, A)-bimodule morphisms f/ : {J — )■ A and 
t] : A ^ U satisfying the usual associativity and unitality axioms. Likewise, the 
notion of an A-coalgebra is defined as a comonoid in the category of A'^-modules. 
These notions also appear imder the name A-ring and A-coring in the literature, 
see e.g. tB3llBrzWi| . 

1.2. Bialgebroids. (cf. fT]) Bialgebroids are a generalisation of bialgebras. An im- 
portant subtlety is that the algebra and coalgebra structure are defined in different 
monoidal categories. Let A and T-L be (unital) fc-algebras, and suppose we have 
homomorphisms S'.A^H and f:A°P— whose images commute in T-L: this struc- 
ture is equivalent to the structure of an A'^-algebra on T-L. Such objects are also 
called (s, t)-rings over A, whereas s and t are referred to as source and target maps. 
Multiplication in H from the left equips H with the following (A, A)-bimodule 
structure 

(1.1) ai ■ h ■ a2 ■= s{ai)t{a2)h, ai,a2 E A, h & H. 

With respect to this bimodule structure we define the tensor product i^a- Inside 
y. A there is a subspace called the Takeuchi product: 

nx^n-- {E/^,«>aM e'H(g>A'H\ Zihiti{a)®h[ = Eihi®h'^s,ia), Va e A}. 

This is a unital algebra via factorwise multiplication and even an (s, i)-ring again. 

Definition 1.1. Let A; be a fc-algebra. A left bialgebroid over A; or Aj-bialgebroid is an 
(s;, t;)-ring T-ii equipped with the structure of an A;-coalgebra (A;, £;) with respect 
to the (A;, A;)-bimodule structure l|l.l|l . subject to the following conditions: 

i) the (left) coproduct Ai ■.'Hi ^ Hi "H; maps into Hi x^^ Hi and defines 
a morphism Ai : Hi ^ Hi x^^ Hi of unital fc-algebras; 

ii) the (left) counit has the property 

ei{hh') = ei{hsi{eih')) = e;(/zf;(e;/i')), forallhji' e Hi- 
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We shall indicate such a left bialgebroid by {Hi, Ai, s;, ti, A/, e/), or simply by Hi- 

Given any (s, i)-ring T-L, besides the {A, A)-bimodule structure one could 
choose the one coming from the right action of T-L on itself: 

(1.2) ai ■ h ■ a2 ■= ht{ai)s{a2), ai,a2 E A, h E H. 

Proceeding analogously as above, this leads to the notion of a right bialgebroid 
{T-Lr, Af, Sr, t,-, Ar, £r), where the underlying algebra is denoted by A,-. We shall not 
write out the details, but rather refer to IIKadSz[|B3l . For example, the correspond- 
ing right counit e,- ■.'Hr^Ar satisfies in this case 

er{hh') = er{sr{6rh)h') = er{tr{erh)h'), forallJi,ft' e n,-. 

We will use Sweedler notation with subscripts A/(/z) = h(j-^ ® h^2) for left coprod- 
ucts, whereas right coproducts are indicated by superscripts: Ar{h) = h^^^ ® h^'^\ 

1.3. Hopf algebroids. A Hopf algebroid is now, roughly speaking, an algebra 
equipped with a left and a right bialgebroid structure together with an antipode 
mapping from the left bialgebroid to the right. This idea leads to the following 
definition: 

Definition 1.2 (cf. [BSz]). A Hopf algebroid is given by a triple {Hi, Hr, S), where 
Til = {V-i, Ai, si, ti. A;, £;) is a left A /-bialgebroid and V.,- = {Hr, Ay, s,., t,., Ar, Cr) is 
a right Ar-bialgebroid on the same fc-algebra T-L, and S :'H ^ T-Lisa fc-module map 
subject to the conditions: 

i) the images of s; and t,-, as well as f; and s,-, coincide: 

(1.3) Sieity = tr, tieiSyr = Sy, SrCrti = ti, trBrSi = Sf, 

ii) twisted coassociativity holds: 

(1.4) (A; (g) idu)Ar = (id^ (g)A,.)A/ and (A, (g) id-u)A, = (id^ «)A;)A,; 
Hi) for all fli G A;, 02 £ Ay and h eH we have 

S{t,{ai)htr{a2)) = Sr{a2)S{h)s,{ai); 
iv) the antipode axioms are fulfilled: 

(1.5) }i%{S ®\dji)Ai = SfCr and }i^{id^ (g)S)Ar = si£i, 
where /^-^ denotes multiplication in Ti. 

Although we do not need this for all constructions in this paper, we shall from 
now on assume that the antipode S is invertible. 

Remark 1.3. The axioms above have the following implications (cf. IBSzilBSH : 

i) Applying Cr to the first two and e; to the second pair of identities in l ll.3|l , 
one obtains that A; and A,- are anti-isomorphic as A:-algebras, i.e., 

(p:=£rOSi : AJ'P ^ Ar, := £1 o tr : Ar ^ A)'P, 

0:=e, oi, :A, ^ A°p, := e, o s, : A°p ^ A,. 

When = id, i.e., when the antipode is rnvolutive, it follows from 1 11.81 
below that 6 = (p,so there is a canonical way to identify A^^ with Ar. 
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ii) The antipode is an anti-algebra and anti-coalgebra morphism (between 
different coalgebras) and satisfies 

(1.7) two (S0S) A; = ArS, two (S(g)S)Ar = A,S, 

where tw : 7^ (Sj- "H — )• ?^ is the tensor flip permuting the two factors 
(one can check that the maps above do respect the (A;, A/)-, resp. {A,-, Ar)- 
bimodule structure). Likewise, one has for the inverse: 

tw o (S"^(g) S"^)A, = A,S"\ tw o (S^^0 S"^)A, = A,S"^. 

in) We have the identities 

SrCySj = SS; S;e;S,- = SSy Sr£r tl = S~^Si S/C; t,- = S^^S,- 

(1.8) tyCySi = Sti tieiSr = Str tyCrti = S-'^ti tj£itr = S~^tr 

eySiei = eyS eiSrS,- = e/S e,- f;e; = e,-S~^ = e/S~^. 

We now collect a list of basic identities involving the antipode, the multiplication 
and the (left or right) comultiplication that we need later in explicit computations. 
All can be verified directly from the axioms. 

Lemma 1.4. For a Hopf algebroid Ti with invertible antipode, the following identities 
hold true: 



^^(S0s,e,)A, 


= s. 


Hui^rer ® S)Ay 


= s. 


^y^op{S^(^tlelS^)Al 


= S2, ^ 


Pj{Op{ty£yS^ S^)Ar 


= S2, 




= tySrS , 


^^op(S®S2)A,. 




p-Uov{id-H ®S"i)A, 


= tyCy, 


}ijlos,{S^^ (g)id-^)A,. 




liy^op{tiei 0S~^)A; 


= s-\ 


fi-^Op(S^^ tyey)Ay 


= s-\ 


f/^(S-i®S-2)A, 


— Sy€yS ^, 







Here p^op is the multiplication in the opposite ofH. 

1.4. Modules and comodules. Let V. = {'Hi,'Hy,S) be a Hopf algebroid. In this 
section we discuss several categories of modules and comodules attached to H, 
together with some basic properties. 

1.4.1. Left modules, (cf. [Schl]) A left module over H or left -module M is sim- 
ply a left module over the underlying fc-algebra T-L. We denote the structure map 
usually by {h,m) ^ h ■ m and the category of left "H-modules by Mod (7^). The left 
bialgebroid structure T-Lj induces the following structure on this category: first, us- 
ing the left A^-algebra structure, any module M £ Mod(?^) carries an underlying 
(A;, A/)-bimodule structure by 

(1.9) ai ■ m ■ a2 := S]{ai) ■ ti{a2) ■ m, 

for all fli, fl2 £ ^/ and m E M. This defines a forgetful functor 

Mod{H) Mod(Af). 

Second, the left coproduct defines a monoidal structure on Mod('H) by (M, N) i— > 
M ^/ equipped with the -module structure 

(1.10) h- {m® n) := /z^ij • m /ip) -n, h e H, m e M, n e N. 

The fimdamental theorem of Schauenburg I Schl [ Thm. 5.1] states that conversely 
such tensor structure on Mod (7^) is equivalent to a left bialgebroid structure on 
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T-l. The unit object in Mod('H) is given by A; with left 7^ -action defined by — > 
End)f(A;),/! ^ {a ^ ei{hs]{a))}. With this, Mod('H) is a monoidal tensor category. 

1 .4.2. Right modules. The category of right -modules has a similar tensor structure 
by exploring the right bialgebroid structure. Its unit object is given by A,- equipped 
with a right 7^ -module structure induced by the right counit: T-L — > Endjt(Ar), h i— > 
{a e,-(s,-(fl)/i)}. We write Mod(7^°P) for this tensor category. The antipode de- 
fines a functor from MoA['H) to Mod(7^°P) because it is an anti-homomorphism. 
When it is involutive, this is obviously an equivalence of categories. 

1.4.3. Coinvariant localisation. There is an important fimctor ( — ) comv : Mod(?^) — > 
Mod (A:) from the category of left 7^ -modules into the category of A:-modules called 
coinvariant localisation, defined by 

M„inv := Ar ®H 

for M e Mod('H). Equivalently, Mcomv = M/h, with J,- the fc-module of coinvari- 
ants given by 

J,- := spanj.{er(/!) - m — h-m, heU, niE M}, 

where the {Ay, A,-)-bimodule structure on M is defined by l|1.9|l via 6^^ : Ay — > A^''. 

Lemma 1.5 (Partial Integration). Let be a Hopf algebroid as before, and M,N & 
ModCH). In M ^ one has the identity 

h ■ m®n = m® [Sh) ■ n mod Ir, 

for allm e M,n E N and h E V.. 

Proof. First observe that the induced (A,-, Ar)-bimodule structure on M ^ 
reads 

for «!, fl2 S and m E M,n E N. Then one has 

m (g) {Sh) ■ n = m® {sr6r{h^^^)Sh^^'^) -n byLemmaO 
= er{h^^^) ■ {m®{Sh^^))-n) 

= h(^^ ■ {m(E){Sh^^^) -n) mod U 

= h^i-^ ■ m (g) h'^^^^ ■ {Sh'^^^^ ■ n) by twisted coassociativity l |1.4|l , 

= hi^iy m®ei{hf^-2_^) ■ n bylO, 

= (f;e/(^{2))^(i)) -m^An 
= h-m n, 

where the last identity is one of the comonoid identities of a left bialgebroid. □ 
Considering 7^ as a module over itself with respect to left multiplication, we get 
Proposition 1.6. For M E Mod('H), there is a canonical isomorphism ofk-modules 

{n (g)Ai M)comv ^ M, 

given by 

(1.11) h®m I — > (Sh) ■ m. 

Proof. Consider the map M ^ CM. M)comv induced by m i-)- 1 m. This clearly 
defines a right inverse to l|l.lll l. By the previous lemma it is also a left inverse. □ 
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1.4.4. Right and left comodules over Ur- (cf. llSchli lB2l FBrzWil l A right comodule 
over the underlying right bialgebroid T-L,- is a right Ar-module M equipped with a 
right A, -module map 

Am ■ M Mi^A,.T-l; m i-> m(°) (g)m(^), 

satisfying the usual axioms for a coaction, where the involved {A,-, Ar)-bimodule 
structure on T-L,- is given by l|1.2|l . We denote the category of right "Hj -comodules by 
Comodj,(?^r). Any object M E ComodRCHr) carries, besides the right A^-module 
structure denoted {m, a) i-^m ■ a, a commuting left A^-module structure defined by 

(1.12) a-m := ■e,(s,(fl)m(i)), a e A,. 

This yields a forgetful functor Comodj^('H,-) — )■ Mod{Af). The category Comodj^('H,-) 
is monoidal with tensor structure (M, N) i— )■ M 0a, N equipped with the comod- 
ule structure 

(1.13) ?n(g)n i-> (g)n(°' (g)m(^)n(^). 

The unit is given by Ay G ComodR(7^, ) equipped with coaction a i— >• 1 s,-(fl). 

A left comodule N over T-Lr is defined similarly as a left A,-module equipped 
with a morphism Ajv : N ^ V. i-^ n^~^^ n^^^ of left A^-modules, where 

as before T-Lr is an {Ar, A,-)-bimodule by means of l|1.2t . Similarly as for right H,-- 
comodules, this leads to a monoidal category ComodL('Hr) with unit A,- equipped 
with the coaction a i— ^ 1. 

1.4.5. Comodules over T-Li- Likewise, the underlying left bialgebroid T-Li has associ- 
ated categories of left and right comodules which we will denote by ComodL(?^;) 
and ComodR(?^;), respectively. They have analogous structures as the category 
Comodj^(7^,) above. For left and right ?if;-coactions, we shall use an analogous 
Sweedler notation as above, but with lower indices. 

1.4.6. The cotensor product and invariants. The cotensor product (cf. BEMoll ) of a right 
T^r-comodule M and a left "Hj -comodule M' is defined as 

MD-u,M' := ker(AM <E> id^' - idw ®Am') C M 0^, M'. 

With this, the space of invariants of a, say, right 'H,- -comodule M is defined to be 

M'™ := Mn-uA,.. 

There is a canonical embedding M'™ C M as the subspace 

M"" = {meM \ Auim) = wz 1}. 

Likewise, one defines invariants for a, say, left ?^;-comodule N as N'™ = A; D-^^ N = 
{n G N I An(«) = 1 n}. The dual statement to Proposition 11.61 for these two 
kinds of invariants is now given by 

Proposition 1.7. Let M E Comodj^ ("^i-)/ md consider M T-L as a right Hr-comodule 
by means of the right coproduct in H. and the coaction l|1.13|l . Then one has a canonical 
isomorphism ofk-modules 

Similarly, for N G Comodi,('H;), 
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where H 0^, ^ is considered as a left Hi-comodule by means of the left coproduct in H 
and the monoidal structure of ComodiCHi) which is analogous to Ill.l3l l. 

Proof. It is not difficult to see that both maps indeed map into the space of invari- 
ants with respect to the coaction (|1.13l l and its analogue for Comodi^(?^;), respec- 
tively. To show that they are isomorphisms, define the two maps 

M^Ar'^^-M, m®h^m-d{eih) 

(1.14) 'H(E)A,N ^N, h®n^(p-'^ {cyh) ■ n, 

for the first and the second case, respectively, where (p and 9 are as in l|1.6|l . Clearly, 
these define inverses for the respective maps above. □ 

Remark 1.8. For a left A;-module N, the tensor product H N is a left T-Li- 
comodule by the coaction A; (g) idj^. Since the space of invariants of ?^ as a left 
?^;-comodule is precisely given by A;, we have the standard isomorphism 

(1.15) N = AiU-miTi^A,^), n^l®n, 
with inverse as in (|1.14|l . 

Remark 1.9. In each of the tensor categories discussed in this section, the Hopf 
algebroid itself defines a canonical object, by either the product or (left or right) 
coproduct. This defines six — a priori different — ^bimodule structures on %: 

i) is a left module over itself. As an object in Mod(?^), this leads to the 
(A;, A;)-bimodule structure 

ii) 7^ is a right module over itself. This leads to the (A,-, Ar)-bimodule struc- 
ture given by i ll. 21 . 

Hi) 'H is a right 7^,-comodule via the right comultiplication, i.e. an object in 
Comodj^(7^, ). In this case, l|1.12|l leads to the (A,-, Ar)-bimodule structure 

(1.16) ai ■ h ■ a2 := Sr{ai)hsr{a2). 

iv) As a left comodule over T-L,- using A^, we get the (A,-, Ar)-bimodule struc- 
ture ai ■ h ■ a2 := tr{a2)htr{ai). 

v) The left comultiplication gives a right comodule structure on "H over Hj. 
The associated (A;, A; )-bimodule structure reads fli ■h-a2 := ti{a2)hti{ai). 

vi) Finally, 7:^ is a left comodule over T-Lj using A; . Similar to Hi), this leads to 
the (A/, A;)-bimodule structure a\ ■ h ■ a2 '■= s/(fli)/zs;(fl2). 

2. The Cyclic Theory 

2.1. Hopf-cyclic cohomology: the basic complexes. As before, let {'Hi,'Hr,S) be 
a Hopf algebroid. We consider 7^ as a left module over itself, which induces the 
(A;, A;)-bimodule structure jl.l^ . With this we define 



For M > 1, define maps 5i : C" (Ti) C"+i {H) by 

{1 ® /z^ ® ■ ■ ■ (g) /i" if z = 0, 

h^(E)---(g) Aih' (E}---(g)h" if 1 < z < zi, 

/z^ (g) ■ ■ ■ /z" (g) 1 if z = zt -h 1. 
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For n = 0, put C^{'H) Ai and define 

(2-2) Si{a) := < . > . . 

I S/(fl) if z = 1. 

In the opposite direction we have codegeneracies (7, : C"{'H) — > C"^^('H) given by 

(2.3) cri{h^(E)---(»h") = h^(E)---<E)£i{h'+^)-h'+^(8)---(8)h", 0< /<«-!. 

One easily verifies that {S.,(t.) equip C'{'H) with the structure of a cosimplicial 
space which only depends on the underlying left bialgebroid structure of T-L. For 
further use, introduce as usual the Hochschild differential by := Hf^g^ ( — l)'"?;- 
Next, define the cyclic operator t„ : C"{'H) — > C"('H) by 

(2.4) T„{h^ ®---®h") = (Sh^) ■ (/z2 • • • /j" ® 1), 

where the -module structure on C" (T-L) is given as in (|1.10l l. 

Theorem 2.1. For a Hopfalgebroid {'Hi,'Hr,S) the formulae above give C CH) the struc- 
ture of a cocyclic module if and only ifS^ = id. More specifically, 

T„"+i(/i^ ■ ■ ■ h") = S^{h^) ■ ■ ■ s2(/2"). 

Remark 2.2. This theorem was first proved by Connes and Moscovici in IICM3I 
in a special case using a characteristic map associated to a faithful trace. A more 
general version (for the z/-direction) appeared in IKR3I for so-called para-Hopf 
algebroids. 

2.2. The approach via coinvariants. In this section we will prove Theorem l2.1l us- 
ing coinvariant localisation. This approach is inspired by the analogous procedure 
for Hopf algebras as in (Cr3f . 

Let us first define the fundamental cocyclic module associated to a Hopf alge- 
broid arising from its underlying left bialgebroid structure: define the fc-module 

B"in) := A,®^e C"+\'H). 

Here, the right A^-module structure on Ar is given using 6 : Ai ^ A"^, whereas 
the left A^-module structure on C"^^{'H) is defined using s; and := tj o 6^^ o (p: 
the fc-module B"('H) is isomorphic to a quotient of C"+^('H) by the fc-module /" C 
C+^CH) defined by 

Z" := span{s,(fl)/i° (g) ■ ■ ■ ® - ® ■ ■ ■ t\{a}h", a e A,, U e V.}. 

When = id, and therefore 6 = (p, the right hand side is the cyclic tensor product 
(cf. IQl I) of 7^ in the category of (A;, A;)-bimodules with respect to the bimodule 
structure induced by the forgetful functor Mod (7^) ^ Mod(Af). 

Define the coface, codegeneracy, and cocyclic operators on B"('H) as follows: 

,1 ,n^ i h°(E)---(8)Aih'(E)---(E)h" ifO<Z<M, 

(2 5) y ^ > 

ai{h° (8)h^ (E) ■ ■ ■ 'E)h'') = h° (g) ■ ■ ■ (E)h' ■ ei{h'+^) (8) ■ ■ ■ (8)h'', 0<i<n-l, 

Tn{h^®h^®---®h") = h^®h^®---®h''® S^{h°). 

It is easy to verify that with these structure maps B'{'H) is a para-cocyclic module, 
which is cocyclic if and only if = id. In this case this is just the canonical cocyclic 
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module associated to the A;-coalgebra ("H;, A/, e/) arising from the underlying left 
bialgebroid structure, and to which we will refer as "H'oaig ^ • Likewise, the underly- 
ing right bialgebroid gives rise to a similar construction by means of [T-Lr, A^, er). 

On the other hand, we haveC"+i(7^) e Mod(?^),and we can apply the functor 
of coinvariants to get C"+^('^)coinv — C"(7^) by Proposition 11.61 Explicitly, this 
isomorphism is implemented by the maps 

C"(?{) , C"+i(?^), 

^coinv 

given by 

(2.6) <l>comv(^^ «) ■ ■ ■ ®/!") := l®h^ 

(2.7) ■ ■ ■ /z") := S(ftO) ■ (/ji • • • /z") . 
Now observe that 1" C ker(Ycomv)/ so that we have a diagram 

C"{'H) 




B"{'H) 

where n denotes the canonical projection and Ycomv the induced map. 

Proposition 2.3. The morphisni ^coim intertwines the maps 3i, Ui, and t„ from jl.li - 
(|2.4|l ivith the respective ones from i2.5i . 

Proof. Consider first the cyclic operator 

T,iYeoinv(/lO '^■■■<^h„) = T„(S(/lo) ■ (/ll (g) ■ ■ ■(ghn)) 

= S((S/zo)(i)/zi) ■ ((S/zo)(2)/z2 ® ■ ■ ■ {Sh)^„^h„ ® l) 
= S(/zi) ■ s2(/z5")) • (s(/zS"-^))/z2 ■ ■ ■ S{h^^^)h„ l) , 

where we used that C"{'H) G Mod('H) with the module structure on tensor prod- 
ucts given by dl.lOt , as well as the fact that the antipode S is an anti-algebra ho- 
momorphism. On the other hand, 

YcoinvT„ (/zo /i^ ■ ■ ■ /j") = S{hi) ■ (h2(E) ■ ■ ■ (E)hn(E) . 
The statement therefore follows from the following: 
Lemma 2.4. In C"('H) the following identity holds: 

s2(;zj")) ■ (s(;zS""^^)/zi ■ ■ ■ s{h^o^)h„_i 1) = . . . h„_i 5%. 

Proof. This is proved by induction: first, for n = 2 we have by the right comonoid 
identities, lO, and for any hi,h E H in C2(^) 

hi®Sh = hi (E)S{h^^hr{eM^^)) 

= ti£i{Sh^^^)hi®Sh^^'i 

^^■^^ = SyCrh^^hi S/!^^' 
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Applying this identity to h := Shg proves the case n = 2. Assume now that the 
identity holds for n — 1. Then we have, using l|1.4) l, (|1.8l l, and jl.Si , 

= h(g> s,e,(S^^O(i)) 5^^0(2) ■ {sho~^^^2 ■ ■ ■ ® S/!S^)/2„ (g) ] 
= s,e,(S/zoj"j)/zi ® S^/zoj^J ■ (Sftj'"^'/Z2 ■ ■ ■ S/zS^)/j„ 1 



= s2(/zo|")+'')S/zS"'/i2 ® SW^II'^ ■ {sh^o"~'^h2 ® ■ ■ ■ Sf;S^'/z„ ® l) 

= S2(/zJ"+^') • (s/zJ"'/22 g) ■ ■ ■ S/zJ^)/z„ + l (g l) . 

This completes the proof of the lemma. □ 

Remark 2.5. The identity l|2.8|l for hi = 1 appears as an axiom in the definition of 
a para-Hopf algebroid in IKR3I . 

Hence the proposition is proved. □ 

Proof. iofTheorem M.l) Since Ycomv is surjective with right inverse Ocoinv, this proves 
TheoremHH □ 

Definition 2.6. In case = id, we denote by T-L'^ := C'['H) the cocyclic module 
equipped with the operators (|2.1| |- (|2.4| | and by {C'{'H), b, B) its associated mixed 
complex (cf. IC2. iKaslJ ). Its Hochschild and (periodic) cyclic cohomology groups 
are denoted by HH'{n), HC'CH) and HP'CH), and referred to as Hopf-cyclic co- 
homology groups. 

Remark 2.7. One may think of the forgetful functor Mod('H) Mod(A^) as com- 
ing from the morphism of Hopf algebroids ; : — > flj g) fl2 S;(fli)t/(fl2); 
see Section l3A] for the description of the Hopf algebroid structure of AJ. From this 
point of view, B"{'H) is simply the coinvariant localisation of C"+^('H) E Mod('H) 
with respect to AJ. On the other hand, one can also directly show that under 
the projection B"{'H) C"+^(?^)comv induced by /, the operators (|2.5l l descend to 
well-defined maps on C"+^('H)coinv/ turning it into a cocyclic module. 

2.3. Dual Hopf-cyclic homology. 

2.3.1. The chain complexes. In this section we consider as a right 7^,-comodule 
with (A,-, Ar)-bimodule structure 1II.I6I I given by left and right multiplication with 
Sr{a), a G Ay. Using the tensor structure of the category ComodR(?^,-), we define 

Cnin) ■.= 'HcsA,---<^A,n. 

' 

n times 

Face and degeneracy operators can be introduced by 

( 6r{h^) ■h^'®---'»h" iff = 0, 

di{h^ ■ ■ ■ = < /zi g) ■ ■ ■ hV+'^ (E)---(E)h" if 1 < f < n - 1, 

(2.9) [h^(8)---(E)h''-'^ ■er{S-'^h") \ii = n, 

1 g) /i^ (g) ■ ■ ■ (g) /i" if = 0, 



Si[n (g---(g« )-\hi^...^h'®l®h'+^®---®h" 



if 1 < / < n. 
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Elements of degree zero (of A,-, that is) are mapped to zero, i.e., do{a) = 0, a G A^. 
To define a cyclic structure we assume the antipode S to be invertible and define 

(2.10) t„{h^ (E> ■ ■ ■ 0/1") = S-i(/t|2) ■ ■ ■/2'('2^V) 0/!fi) ® ■ ■ ■<^Sh"-^\ 

One easily verifies that this operator is well-defined. Below we shall prove that 
these /c-modules and maps are canonically isomorphic to the cyclic dual of the 
cocyclic module C'{'H) of §2.11 This also proves that C.{'H) is indeed a cyclic 
module. 

2.3.2. Cyclic duality, (cf. |Cl||Lo|) We recall the notion of cyclic duality. Let A de- 
note Connes' cyclic category. A cyclic module is a functor A"? Mod (A:), i.e. a 
contravariant functor from A to Mod(A:); whereas a cocyclic module is a functor 
A — )• Mod(fc). Remarkably, there is a canonical equivalence A = A°p that allows 
one to construct a cocyclic module out of a cyclic module and vice versa. Explicitly, 
in the first direction this is done as follows: let Y = (Y*, S., a,, t.) be a para-cocyclic 
module with invertible operator t. Its cyclic dual is defined to be Y := (Y„ d,, s„ t.) 
where Y„ : = Y" in degree n and 



di 


= CTi-l ■■ 


Yn 


— )► 


Yn 


-1/ 


1 <i <n, 


do 


'■= O'n-l'^n '■ 


Yn 


— )► 


Yn 


-1/ 




Si 


= 5r : 


Y„ 


— > 


Yn 




0<i <n 


tfi 


■= 


Yn 


— > 


Yn 







It can be shown that Y carries the structure of a para-cyclic object in the category 
of A:-modules and is cyclic if Y is cocyclic. 

2.3.3. The Hopf-Galois map and cyclic duality. In this section we will prove that the 
cyclic module dual to C'(?^) is canonically isomorphic to C.{'H). The explicit map 
implementing this isomorphism is given by generalising the Hopf-Galois map 
from IISch2[ Thm. 3.5] and its inverse from BBSzll for Hopf algebroids. 

Lemma 2.8. For each n >Q, the k-modules Cn{'H) and C"{'H) are isomorphic by means 
of the Hopf-Galois map <p„ : CnCH) — > C"{'H) defined inductively by cpi := id^^ and 

(pn{h^ (g) ■ ■ ■ (g)/z") := /z^ ■ (^1 (g) (pn-i{h^®- ■ -0/1")) , n>2. 

For n = one defines cpo := (p : A^'' Ay. 

Proof. The explicit formula for the Hopf-Galois map is given by 

h^(g)---(E)h" ^ /ij^) g) /l(2)'Z(i) /J(3)/Z(2)^(l) ■ ■ ■ ® h\n)^\n-l) ' ' ' ' 

Define its inverse <p~^ : C"(7^) — > C„('H) by 

hi®---®hn^ /zf ^ ® S(/zf' )4^' (g S{h^^^)h^^ (g ■ ■ ■ (g S{h^^l^)h„. 

To check that this is indeed an inverse, remark that one can decompose 

cp„+i = (idg)<p„) (<p2 8)id®""^) and !p„+i = (!/'2 id®""^) (id®ip„), 

and one easily verifies by induction that <p„+i and ipn+i are mutually inverse. □ 

To prove our main theorem about cyclic duality, we also need the inverses of the 
cyclic operators on C" {T-L) and C.{l-L). Since we assume S to be invertible, we have: 
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Lemma 2.9. Letn>l. The inverse of the cocyclic operator Xn on C" {l-L) in (|2.4)l is given 
by 

(2.11) T-l(/!^0---0/!") = S-^{h") ■ {l®h^ d) ■ ■ ■ ®h"-^). 

Likewise, the cyclic operator t„ on CnCH) has inverse given by 

(2.12) t-\hi ®---®hn) = ® ■ ■ ■ Sihihf^ ■ ■ ■ h^P) 

Proof. This can be verified directly, but we shall use induction. For « = 1, by (|2.11) l 
we have t^"^ = S^^, and the statement is clear. For n > 2, define the map 

q){h®h') := (g)/!(2). 

This defines a bijection of U^Ai'He ComodtCH;) to C^{H) e Mod(?^), with in- 
verse 

^-1(/Z0ft') =/j'(2)^S-l(/l'^^^)ft. 

With these maps, one has 

T„ + i = (id®"-l0^) (T„0id) 

= (T-l®id)(id«"-l®r'). 

This proves the first statement. As for the second part, introduce the maps 

\p{h(g)h') := /Z(2)/!' 
^p-^{h®h') ■.= h'^^^ ®S{h'^'^'^)h. 
This time ip maps the tensor product l-L ®Ar ^ G ComodR('H,.) to the tensor product 

n®Ar'H ■■='H(^k'H/spani^{f{a)h(E)kh'-h(E)ks''{(pe''^{a))h', a e Ay}, 
and one easily checks that ip"^ is its inverse, indeed. Then one has 
t„+i = (t„0id) (id®"-i0!/5) 
t;l, = (id®"-i®r') (tn'^id), 
and with this one proves the second equality. □ 

Theorem 2.10. Let T-ibea Hopfalgebroid with invertible antipode. The Hopf-Galois map 
cp : C.{'H) C'(7^) identifies C.('H) as the cyclic dual of the para-cocyclic module 
C-{T-L) ofTheorem^ 

Proof. This is now a straightforward verification: 

T-Vn^J^ ® ■ ■ ■ (8)/z") = 

= ■ ■ ■ Kd'^") ■ (1 ® Hi) ^ ■ ■ ■ ® Hn-i)hi-2) ■ ■ ■ h'l,-;) , 

and by coassociativity 

= {h\^^ ■ ■ ■ h"^^^'h") ■ (1 cp„-l (/zji) /iji) ■ ■ ■ ® ) 
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Hence, cpnotn = o (p„ or equivalently tn = ipn o o (J9„. In the same fashion, 
cr„_^T„(pnih^ (E) ■ ■ ■ <S) h") = cr„_^ (s(/z}i)) ■ (^(2)^(1) ^(„) ■ ■ ■h"-^^h" 

= {Srer{h^)h^) ■ {1 ® cp„^2{h^ ® • • • 

The remaining identities are left to the reader. □ 

Corollary 2.11. C.{'H) is para-cyclic, and cyclic if and only ifS^ = id. 

Definition 2.12. In case = id, let 'HI := C.CH) denote the cyclic module 
equipped with the operators I l2.9b -l l2.101 . Its respective Hochschild and (periodic) 
cyclic homology groups are denoted by HH.{T-L), HC.{'H) and HP.{'H), and re- 
ferred to as dual Hopf-cyclic homology groups. 

2.4. The approach via invariants. As is clear from the explicit formulae, the dual 
cyclic homology is closely related to the underlying algebra structure of the Hopf 
algebroid. To compare this homology to the usual cyclic homology of algebras, 
we use the following approach, which is dual to that of Section lZ2l Remarkably, it 
only works in some special cases. 

Let H = {'Hi, 'Hr, S) be a Hopf algebroid. The standard cyclic module of as a 
fc-algebra | FeTs J is defined by "H^'S'f := 'H®k{*+'^)^ with face maps 



'/jO (g) ■ ■ ■ (g) /i'7z'+i ®---h" if < f < M - 1, 
(g) • • • (g) if i = n. 



and degeneracies 

Si{hP g) ■ ■ ■ ® = ■ ■ ■ g) /j' 1 g) (g ■ ■ ■ (g /i" if < f < n. 

Finally the cyclic structure is given by 

tn{h° ■ ■ ■ (E)h") = h" (E)h° (S) ■ ■ ■ (8) h"'^. 

On the other hand, we have C„+i('H) e ComodR(7^r)- Recall that underlying the 
comodule structure is an {Ar, A,-)-bimodule, so we can define 

BnCH) ■- Cn+l{'H)C$Af Ar. 

This space is a quotient of C„+i {'H) by the A:-submodule I„ C C„+i {'H) given by 

1„ := spanj.{s,-(fl)^° ® ■ ■ ■ <® h" - h° ® ■ ■ ■®h"sr{a), a e Ar,h' e 'H.}. 

One then easily observes that the canonical projection 'Hf^'^ — )■ B.{'H) equips the 
latter with the structure of a cyclic module given by the same formulae as above. 
By PropositionllZl we have C„ {'H) = C„+i ("H)"" via the embedding 

(2.13) :hi(g)---(g)hn^ /jj^' ■ ■ ■ ® /il^^ ® S(/zf ^ • • • hl^^). 

Combined with the canonical projection C„^i{'H) — > B„{'H), this leads to a mor- 
phism Yinv : C.^H) B.['H). Unfortunately, this is not a map of cyclic objects, let 
alone simplicial objects in general. However, there are Hopf algebroids for which 
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this is true, cf. i i3.2l for an example. Also, the left inverse of the embedding above, 
given as : C„+i(7^) ^ C„(?^), /z^ • • • ^ ® ■ ■ ■ <S) h" ■ er{S-^h"+^) 
does not descend to the quotient B„ {H). We therefore do not have a commutative 
diagram as for the coinvariant localisation and the cyclic cohomology theory. 

2.5. Hochschild theory with coefficients. Both the Hochschild cohomology for 
bialgebroids as well as the dual homology for Hopf algebroids are part of a more 
general theory with coefficients that we now describe. First, however, we intro- 
duce certain resolutions of the base algebras in the categories discussed in i )1.4[ 
defined by the left and right bialgebroid structure on T-L. 

2.5.1. Cobar resolution. A straightforward generalisation of Theorem A. 1.1.3 and 
Lemma A. 1.2. 2 in [Raj to the noncommutative setting (cf. Section 2.4 in [KoJ) 
shows that if is flat as right A;-module l Il.Hl , the category Comodi(?:^;) is abelian 
and has enough injectives. We call a (say, left) ?^;-comodule N cofree if there is a 
left A;-module M such that N = V. <Sia, M as left "Hz-comodules, and it is called 
relative infective if it is a direct summand in a cofree one. 

The cobar resolution of A; in the category Comodi,(7^;) generalises the well- 
known construction for bialgebras |D| and for commutative bialgebroids in [Raj : 
define the graded space 

Cobar" (?^) := • • • 'H, 

n+1 times 

the tensor product being the one in the category Mod('H). Alternatively, we can 
view this as the cofree left ?^;-comodule generated by C'{'H) G Mod('H). This 
allows us to view Cobar' ("H) G Comodi('H;) by using the left comultiplication on 
the first component. Introduce the following cosimplicial structure on Cobar' (?^): 
first, the coface operators 6'j : Cobar" ("H) Cobar"^^(^) are given by 




A;/2' (g) ■ ■ ■ (g) if < / < n, 
0/j"(g)l ifi = n + l. 



The codegeneracies cr'. : Cobar" (7^) — Cobar" ^{T-L) are: 

cr'i{h°(8)---(8)h") =h°(E)---(E)ei ■ ■ ■ /i", < f < n - 1. 

These maps are compatible with the left T^j-comodule structure on Cobar' ("H) but 
not with the left 'Hz-module structure. The left 7^;-coaction on A; given by the left 
source map s/ : A; ^ defines a coaugmentation for this cosimplicial object in 
Comodj^('H;), which yields a cosimplicial resolution of A;: consider the associated 
cochain complex 

Ai A Cobar°(7^) A Cobari(7^) A . . ., 

with differentials b' := I]"J*o^(— 1)''5-. It is easy to check that b' is a morphism of 
left ?^;-comodules and that the maps s"~^ : Cobar" {H) Cobar"^^ [T-L) given by 
h°(g)- ■ -(E)}!" ^ £l{h'^) ■h^(g)---(E)h" and s^^ : U = Cobar^C^) Cobar~i(?^) := 
A;, h I— 7- cih define a contracting homotopy for the complex (Cobar' over 

A;, i.e., s'^ oh' + b' o s"~^ = id. In particular. A; — ^ Cobar' ('H) is a resolution 
of A; by cofree (hence relative injective) left "Hz-comodules: from (jLTSjl follows 
ker b' = {h & Ti, A/ (/z) = /; ® 1} = A/, hence exactness in degree zero. 
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2.5.2. The bar resolution. Analogous to the standard case (see e.g. I We I), the bar 
complex gives a resolution of A; in the category Mod(?^) of left modules over 7^. 
We define 

Bar„(-H) :=n(g>Ar---(E)Ar 

n+1 times 

where the tensor product is the one in ComodR{'Hr), but we view Bar.('H) in 
Mod (T-L), the left ?if-action being given by left multiplication on the first factor. The 
simplicial structure on this graded ?^ -module is given by the face and degeneracy 
operators 

^uuo^ _ 1^°® ifO<z<n-l, 

sj(/j° (g) ■ ■ ■ (g) /j") = /i° (g) ■ ■ ■ (g) /i' (g) 1 ® • • • (g h", 0<i <n. 

This time these maps are morphisms of left "H -modules, not of comodules. The 
augmented bar complex is given by 

... A Bari(?^) ^ Baro(?^) ^ A,, 

with chain operator d' := I^/Lo( — l)'<ij. It is a straightforward check that the bar 
complex is a contractible resolution of A;, where the extra degeneracy 

s„ : Bar„('H) Bar„+i(7^), s„(/i°(g ■ ■ ■ = 1 /j^ (g ■ ■ ■ /z" 

for n > and s_i := provide the contracting homotopies. Moreover, Bar.('H) 
is 7^ -projective if l-L is A,.-projective with respect to the left A^-module structure 

(|1.16t , and in this case Bar. ("H) — Aj is a projective resolution of A; in the cate- 
gory of left ?^ -modules. 

2.5.3. The Hochschild theory as derived functors. The main point is now: 

Theorem 2.13. For any Hopf algebroid TL that is flat as right Ai-module there are 
natural isomorphisms 

HH-{n) = Cotor'^i Ai,Ai), 
and ifH is projective as left Ay-module jl.lGi , 

HH.{n) =^Tor^(A,,A,). 

Proof. Recall (cf. lEMol ) that Cotor^ (A;, A;) is the right derived functor of the left 
cotensor product A/D-^^— : Comodi,('H;) Mod(fc), where A; is seen as right Tii- 
comodule by means of : A; — > T-Li. That this derived functor can be computed 
by relative injective resolutions (like the cobar complex) follows from a straightfor- 
ward generalisation of Lemmata A. 1.2. 8 and A. 1.2. 9 in |Ra| to the noncommutative 
case. A little thought reveals that the space A/D-^^ Cobar'(?^) can be alternatively 
expressed as {h^iv E Cobar'('H) | /z g) ri; = 1^ g) s\eih)w}, where lo € C'{'H). 
Using then the isomorphism / : Aidy^i Cobar' ("H) = C'CH) given by (|1.15l l, one 
easily checks that bo f = f o (id^^ gifc'), i.e., the induced differential coincides with 
that of the Hochschild complex. This proves the first isomorphism. 

To prove the second isomorphism, use the bar resolution in Mod(7^) to com- 
pute the left derived functor of Ar - '■ Mod(?^) -?■ Mod(fc). We have Ar ®-h 
Bar. ("W) = C. {H), and one easily sees that the differentials coincide. □ 
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Remark 2.14. The definition of the Hochschild cohomology depends solely on the 
underlying left bialgebroid structure of T-i. This is because for any left bialgebroid 
Hi, the base algebra A/ carries canonical left and right "Hccoactions given by left 
source and target maps, respectively By contrast, the definition of dual Hochschild 
homology does depend on the Hopf algebroid structure: although the base algebra 
Ar of the underlying right bialgebroid is naturally a right ?^ -module, there is a 
priori no canonical left ?:^-module structure defined on it without the antipode. 

2.5.4. Coefficients. Having identified Hochschild homology and cohomology as 
derived fxmctors, we can assume a different perspective and put coefficients in: 
for M e ComodR(?^;) with coaction and T-L flat as right A;-module jlA^ , define 

H-{n,M) ■- Cotor^(M, A,). 

If M is projective as a right A;-module, one may use the cobar complex to compute 
these groups: using the isomorphism 

MDy^i Cobar' (n) = M(g)A, C'iU), m®h(E>w ^ m - ei{h)®w, 

with inverse m^w ^ ^^{m) w, where w e C ("H), as well as the isomorphism 

MD^, Cobar" (?^) ^ 

= {m®h®w & M Cobar'('H;) \m®h®w = ^M{'m ■ ejh) (g) w}, 

similarly as above, one obtains the explicit corresponding complex with coeffi- 
cients in M. 

Likewise, we put for N e Mod('H°P) 

H.{n,N) :=Tor!^(N,A,). 

If H is projective as left A,.-module (|1.161 , one may use the bar resolution to write 
down the explicit complex computing these groups. 

2.6. The case of commutative and cocommutative Hopf algebroids. For commu- 
tative and cocommutative Hopf algebroids, one of the respective two cyclic theo- 
ries is particularly simple to calculate in terms of the associated Hochschild theory. 
This phenomenon is known for Hopf algebras, cf. IKRH Thm. 4.1], and originated 
with Karoubi's computation of the cyclic homology of k[G] in fKa], where G is a 
discrete group. 

In a commutative Hopf algebroid, the underlying left bialgebroid may serve 
to define the right bialgebroid structure by means of the prescriptions A,- := A/, 
Sr := ti, tr := Si, Ar := A;, and Cr := £/, recovering the notion of Hopf algebroids 
in BRal . On the other hand, cocommutativity for Hopf algebroids is defined as 
the cocommutativity of the underlying left bialgebroid T-Li (which by jLTj implies 
cocommutativity for 'H,- as well) and only makes sense for commutative A; = Ar 
for which s; = f; as well as s,- = tr. 

Proposition 2.15. 

i) Let 'Hbea commutative Hopf algebroid with Ar = Ai, Sr = ti, tr = s/, A^ = A;, 
under = Then Cobar' CH) G Comodi,(^;) is a par a-cocy die object hy means 
of the cocyclic operator 

T^(/J° ■ ■ ■ /j") = ■ (1 T„(/jl ■ ■ ■ /l")), 

where on the right hand side the monoidal structure o/Mod('H) ;s used. 
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ii) Let T-Lbe a cocommutative Hopf algebroid over commutative base algebra A with 
invertible antipode S. Then Bar.('H) is a para-cyclic H-module with cyclic oper- 
ator 

t'n{ho®---®hn)= hohf^ ■ ■ ■ h'^^ (g) t„ (/if ^ <Si ■ ■ ■ ® hl^^) . 

In both cases one obtains cocyclic resp. cyclic structures if and only ifS^ = id. 

Proof, i) Although we view the cobar complex as cosimplicial object in ComoAi{'Hi) , 
it has a natural left "H-module structure as in | |1.10|I from which it is also immedi- 
ate that t' is a morphism of graded left ?^;-comodules. Let us now show that t' is 
para-cocyclic: from the explicit formula | |2.5|I of the cocyclic operator t, one easily 
shows by induction that 

h - Tl{h^ ® ■ ■ ■ ®h") = Tl{h^ ■ ■ ■ ® h'S-'^h ® • • • /z") , 
for all 1 < j < n. With this equation we can now compute 

T"J,^\h°®---®h") =tZ {h° ■{l®Tn{h^(i)---®h"))) 
^T'l{h\^^®h\^yT„{h^®---®h")) 
= t'"(/iOj) ® T„(/zlS-l/x02) ■ ■ ■ 0/!")) 
= tT\/Z(i) » ^(2) ■ Tlih^S-^h^) ® ■ ■ -^h")) 
= tT\/jJi) t2(/i1S-1;i°3) 0/l2S-l/l°2) ® ■ ■ ■ ®/!")) 

= ^(1) ® ^(2) ■ i^^S~^^1n+2) ® ■ ■ ■ ® ^"5^^^%)) 

= ^(1) ® ^(2) ■ isHh's~%^^^) ■ ■ ■ ® sHh"s-'hl^^)) 

= /!°0SV(g)---(g)SV. 

The last equality is verified by writing out the expression and using the left co- 
monoid identities. This proves that x' generates an action of the cyclic groups if 
and only if = id. The remaining cocyclic identities, compatibility with the S'^ 
and cr- that is, are easy to verify. 

ii) Since Sr = tr, the space C.{l-L) carries a left T^r-coaction given by A,-(/!i 

■ ■ ■ ®h„) := h^-^^ ■ ■ ■ hlj'^ h^^ ■ ■ ■ h^\ which appears in the expression of the 
cyclic operator. One has 

Ar{t„{hi ® ■ ■ -^hn)) = S"^(;zi(2) • • •^n-l(2)^"{l))^l(i) " ' ' K-lfl\ 
= S"-^/l„(i) ®tn{hi (g) • • • (g)/!„_i (8)/z„(2)). 
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With this we now compute 



= ho<E)t';,+^{h0---(E)h„) 

= ho^ S'^hi (g) ■ ■ ■ ® S"^/z„, 

where the vertical dots mean the (n — l)-fold repetition of the previous manipula- 
tion. To obtain the fourth line we have used Sr = t,- and 

ai ■ t„{hi ^ ■ ■ ■ ® hn) ■ a2 = tn{hi ® ■ ■ ■ ^ a2 ■ h„ ■ ai), fli, fl2 G 

with respect to the respective {A,-, Ar)-bimodule structure | |1.16|I , as follows from 
(|2.10t and by exploiting the Takeuchi condition of the left coproduct on pagelH □ 

Theorem 2.16. Let Hbea Hopf algebroid with involutive antipode. 

i) When H is commutative with Ai = A,-, s; = f,-, f; = s,-. A; = A,-, e; = Cy, and 
flat as right Ai-module one has 

HC-{n) = ®HH-^'{n); 

!>0 

ii) when l-L is cocommutative and projective as left Ay-module il.l6^ , there is a nat- 
ural isomorphism 

Hc.{n) ^ ®HH._2i{n). 

i>0 

Proof, i) Consider (cf. flF,'Lo]) Tsygan's double complex CC" (Cobar* of the 
cocyclic left ?^;-comodule Cobar*(?if). Since Cobar'('H) is a resolution of A; in the 
category of left 7^;-comodules, the double complex CC (Cobar"(7^)) is a resolu- 
tion (in the sense of hypercohomology, see I We I Sect. 5.7]) of the cochain complex 

Ai.: -> A, -> -> A; -> ^ . . 

with the first in degree zero. From the explicit form of the cyclic operator in 
Proposition 12. 1 5[ one easily observes that the natural isomorphism 

A,n^,Cobar-CH) ^ C'CH) 

of l|1.15t is one of cocyclic fc-modules. This identifies cyclic cohomology of T-L as the 
hyper-derived Cotor, written Cotor, of A; with values in the chain complex A;.: 

HC-{n) = Cotor-(A,,A;.). 

Clearly, any resolution for A/ defines a resolution of the complex A;, by putting 
in the even degree columns, and therefore Cotor' (A;, A;.) = 0,>o HH'^^'CH). 

ii) is proved in very much the same fashion, this time identifying HC,{'H) = 
Tor.(A,., A;.), the h5rper-derived fimctors of A,. 0-^ — : Mocl(?^) 
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3. Examples 

In this section we discuss examples of Hopf algebroids and compute their cyclic 
homology and cohomology groups. 

3.1. The enveloping Hopf algebroid of an algebra. A very simple example of a 
Hopf algebroid is given by the enveloping algebra A*^ = A ® j. A"? of an arbitrary 
(unital) A:-algebra A. It is a left bialgebroid over A by means of the structure maps 

s;(fl) := a (g)/f 1, ti{b) := 1 ®^ b, Ai{a (g) b) := {a 1) (g)^ (1 (g))t b), ei{a 0;^ b) := ab, 
and a right bialgebroid over A°p by means of s,-{b) := 1 0^. b, ty{a) := a <Sn. 1, 
Ar{a®b) := (l^i^a) 0^ {b er{a ^j^b) := ba. With the antipode S (a 0^ fc) 

b a, these data coalesce to a Hopf algebroid. 

Proposition 3.1. Let Abe a k-algebra and A*^ its enveloping algebra, 
i) The Hopf-cyclic cohomology of is trivial, i.e., 



HC-(A^) 



k if. = 0, 

else. 



ii) The dual Hopf-cyclic homology ofA^ equals the cyclic homology of the k-algebra A: 

HC.(A^) = HQ's (A). 

Proof, i) was proved in fCM3]. It actually also follows by cyclic duality from ii). To 
prove ii), one just writes out the cyclic object associated to A^; it is exactly equal to 
the cyclic object A^^^'^ associated to the algebra A. □ 

Recall that, when passing to the periodic theory, the right hand side in ii) yields 
the noncommutative generalisation of classical de Rham cohomology, cf . [C2J . 

3.2. Etale groupoids. Notation. Let E and F be vector bundles (or more generally, 
c-soft sheaves of vector spaces) over two manifolds X and Y, respectively. Suppose 
that / : X — )• Y is an etale map and OLf : E = /*Fan isomorphism of vector bundles 
over X. Then the push-forward (or fibre sum) of /, denoted /* : Yc{X,E) — > 
rc(Y, F) is defined by 

(/*s)(y) = Y. '^/(s(^))' 

f(^)=y 

where x G X, y G Y and s G rc(X, E). This construction is functorial in the obvious 
sense. 

Another class of examples of Hopf algebroids comes from etale groupoids, as 
essentially already noted in IMrcl[|Mrc2ll (a different way to obtain a (topological) 
Hopf algebroid from an etale groupoid is described in IKamTall ). A groupoid G, 
to start with, is a small category in which each arrow is invertible. We denote the 
space of objects by M and the space of arrows by G. The structure maps can be 
organised in the following diagram: 

G2^G^G^M^G. 

f 

Here u is the unit map, s and f are the source and target of arrows in G, / is the 
inversion and m the multiplication defined on the space of composable arrows: 

G2 := G^x^^^G = {(^1,^2) e G X G, s(^i) = t{g2)}. 

A Lie groupoid is a groupoid G =^ M for which G and M are smooth manifolds 
and all structure maps listed above are smooth. In an etale groupoid, these are 
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assumed to be local diffeomorphisms. For simplicity of exposition, we will assume 
that G is Hausdorff. 

Associated to an etale groupoid is its convolution algebra C^(G) with product 

(3.1) (/l*/2)te)= E /l(^l)/2fe), 

S'lS2=g 

where /i,/2 G C~(G) and g,gi,g2 £ G. We shall equip this noncommutative alge- 
bra with the structure of a Hopf algebroid in the following way: the base algebra 
is given by the commutative algebra C^(M) and we put S; = f; = s,- = t,- = 
the push-forward along the inclusion of the units. We are left with two C^(M)- 
actions on (G) by left and right multiplication with respect to which we define 
the tensor products 0", and 0'''. The formula 

•with f I, f 2 E C~(G) andgi,^2 G G, induces isomorphisms 

ns,t : Cr(G) 0^' C~(G) A C~(G=x^G) = C~(G2), 

(3.2) dt,, : C~(G) 0"C~(G) A C^iG'x'f^G) 

a,. : C~(G) ®"-C~(G) A C~(G-'x|,G) 

That these maps are indeed isomorphisms can be derived from a more general 
result on sheaves in r Mrc2[ p. 271]. With this, we define the left coproduct A; : 
C~(G) ^ C~(G) (g)" C~(G) = C~(G 'x^^^ G) by the formula 

Alternatively, this is simply the push-forward along the diagonal inclusion : 
G G *x^ G, ^ igtg)- Iri a similar fashion, the right coproduct is defined as 
Ar = d!^, where d'' : G G ''X'^ G is again the diagonal. Left and right counit are 
defined as the push-forward along the target resp. source map: 

{eif){x):= E fig) and (e./)(x) := ^ fig)- 

t{g)=x s(g)=x 

Finally, the antipode S : C~(G) — t- C~(G) is given by the groupoid inversion: 

isf)ig) ■.= fig'\ 

Proposition 3.2. YJhen M is compact, C^(G) is a Hopf algebroid over C~(M) by means 
of the structure maps mentioned above. 

Proof. We remark that compactness of M is needed in order to make both algebras 
C~(M) and C~(G) unital. The fact that (C~(G), C°°(M), A;, e,) is a lef t bialge broid 
having an antipode S with certain properties was already shown in IMrc2i Prop. 
2.5]. The right bialgebroid structure follows at once by replacing G by its opposite 
G°P. It remains to verify the Hopf algebroid axioms in which left and right bialge- 
broid structures are intertwined: for example, twisted coassociativity is obvious. 
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As for the second identity in lll.5|l , let / G (G) and compute 

(/(l)*S(/(2)))(g)= ^ /(l)Ul)/(2)fe"') 

Si82=g 

= E fisi) 

SiSi^=S 

^ fEt(gi)=x/(^i) if ^ = 1.V for some x e M, 
[0 else 

The remaining identities in Definition II . 21 are left to the reader. □ 

3.2.1. Cyclic cohomology. The Hopf-cyclic cohomology of this example is easily 
computed: 

Proposition 3.3. The Hopf-Hochschild cohomology o/C~ (G) is trivial except in degree 0, 

HH-,c,c)).{-'"> 

Hence, for the (periodic) Hopf-cyclic cohomology o/C^(G) one has 

HP°(C~(G)) ^ C°°{M), HP1(C~(G)) ^ 0. 

Proof. Generalising a construction in |Cr3ll for group algebras, define the following 
periodic resolution of C'^(M) by cofree (left) C^(G)-comodules: 

I: O^C~(M) ^C~(G) ^C~(G) C~(G) ^ 

wherea(/) := / — /|m and j6(/) :=/|m- According to Theorem l2.13l the Hochschild 
cohomology groups are computed by C°°{M)n(2^(^Q^I, i.e. by means of — > 

C~(M) C~(M) ^ C~(M) C~(M) ^ .... Then one has HH"(C~(G)) = 
C°°(M) for M = and zero in all other cases. Applying an SBI sequence argument, 
the second statement follows. □ 

3.2.2. Cyclic homology and groupoid homology. For the dual homology theory, con- 
sider the nerve G. := {G„}„>o of G defined as usual 

Go := M, Gn := {{gv ■■■.gn)e s(g,) = l<i< 0}, 

equipped with face operators d, : G„ — > G„_i defined by 

(3.3a) di{gi,...,g„) = {{g-^,...,gigi+-^,...,g„) ifl </<«-!, 

whereas do, di : Gi — > Gq are given by source and target map, respectively. Equipped 
with degeneracies s, : G„ — > G„+i given as 

(3 3b) s f?. ? ) - I if'' = 0' 

^^■^^^ ^"^ ~ I {gl guUg^ygr+l gn) if 1 < / < n, 

the nerve is a simplicial manifold whose geometric realisation is a model for the 
classifying space BG. Denote by t„ : G„ ^ M the map T„(gi, . . .,^,1) = t{gi)- 
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Given a representation E of G, that is a vector bundle E over M equipped with an 
action of G, define 

C^(G;E) :=r,(G„,T„*E). 
This space of chains carries a differential d : Cj((G;E) — )• Cj|_^(G;E) given by 

3:=f:(-l)'(d,)*, 

!=0 

where the push-forward is defined with respect to the tautological isomorphisms 
T*E = rf*T*_-^E for 1 < z < n and gi : Egj^j) -> Ef(^j) is the isomorphism t*E = 
d'QT*_^E at (^1, . . ■,gn) G G„. This defines a differential because of the simplicial 
identities of the underlying face maps, and its homology is the groupoid homology 
of E, denoted as Hf (G, £), cf. ICrMoeL 

Theorem 3.4. Let G be an etale groupoid. There are natural isomorphisms 

HH.(C~(G)) ^Hf(G,C), 
HC.(Cr(G))= eHf+2„(G,C). 

n>0 

Proof. The obvious generalisation of the isomorphism l|3.2l l to higher degrees yields 

(3.4) n'l, : C.(C~(G)) A Cr(G.) = Cf(G,C), 

where C denotes the trivial representation on the line bundle M x C. To iden- 
tify the differential, remark that the convolution product l|3.1t is simply the push- 
forward along the multiplication map m : G2 — > G, and right and left counit the 
push-forwards along source and target maps, i.e., e,- = s*, e,- o = 6/ = t*. It is 
then a straightforward check that the isomorphism ( |3.4| | intertwines the simplicial 
maps l l2.9t with the push-forwards along the face operators l|3.3at on G., and this 
identifies the differential with the groupoid homology differential d. This proves 
the first assertion. The second follows from Theorem 12. 161 □ 

Remark 3.5. In particular, the isomorphism (|3.41 is an isomorphism of cyclic mod- 
ules: the operators t„ : G„ ^ G„, 

(3-5) tn{gl,...,gn) ■■= {{glgl - ■ ■gn)~'^,gl,---,gn~l) 

for n > 2, and ti{g) := g^^, Iq := id^g define a cyclic operation on G., such that 
C^(G) together with the push-forwards of I l3.3a|l , (|3.3bt , and (|3.5b becomes a cyclic 
module. One then has with respect to the dual Hopf-cyclic operator | |2.10|| : 

{nlttnif (^'^■■■®^'n){gl gn) = 

= E fllM) ■ ■■r^^\g'n-l)ns'n)flr){g2) ■ ■■fl,^\gn) 

and this is exactly the push-forward of f „ . 
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Remark 3.6. The first isomorphism of the theorem above readily generalises as 
follows: let E be a representation of G. Then 8 := Tc{M,E) is a module over 
C~(G) by the action 

(/■'P)W= E figM^is)l 

where / e C~(G) and (p eTc{M,E). With this module, we have 

H.{C^{G);S) = H^.{G,E). 

Remark 3.7. Analogously as in group theory, a little computation reveals that the 
Hopf-Galois map from Lemma |Z81 and its inverse are (via the isomorphisms l|3.2b ) 
the push-forwards of the following maps on the groupoid level: 

q>n-Gn^ G", {gl,...,gn) ^ {gl, glgl, ■ ■ ■ , glgl ■ ■ ■ gn) , 

where G" := {{gi,---,gn) £ G^", t{gj) = 1 <i < 0}, with inverse 

xp„ : G" G„, igi,...,g„) ^ igi,gi^g2,---,g~\gn)- 



3.2.3. Relation with the computations of Brylinski-Nistor and Crainic. In IBrNl ICrll 
the cyclic homology of C^(G) as an algebra, i.e. not as a Hopf algebroid, was 
computed. Let us show how the present result fits into that computation. A fun- 
damental tool in the papers mentioned above was the "reduction to loops" 

(3.6) C~(G)^'«'^^r,(B„,T-iC~,,„,,,), 

where on the left hand side we have the usual cyclic object associated to an algebra 
(but using topological tensor products). The space B„ above is the so-called higher 
Burghelea space of closed strings of n + 1 composable arrows 

Bn := {{go, . -.^gn) e G^("+l) I t{g,) = s(g,_i) for 1 < i < n, and t{go) = s{gn)}, 

and T„ : B„ M^("+i) is here the map T„{go, ...,g„) = {t{go), . -.Jigo)). This is 
a simplicial space by defining face operators d'-:B„^ B„_i, 

^ - j igO'---'gigi+i'---'gn) ifO<z<n-l, 

^"^ ~ [ igngO,gl gn-l) iii = n, 

and degeneracy operators sj : B„ ^ B„+i, 

. _ ( {gO,---,gi,h{s,^,),gi+l,---,gn) ifO</<n-l, 

" I (^0 gn,lsi,„)) ^^^ = n. 

Furthermore, it has a cyclic operator t'^: Bn ^ Bn defined by 

i'n{gO,---,gn) = {gfugO,---,gn-\), 

turning B, into a cyclic object in the category of manifolds. The map (|3.6|l is a 
morphism of cyclic objects if we equip the right hand side with the cyclic structure 
induced by B., together with the (twisted) cyclic structure of the cyclic object (C^) 
in the category of sheaves on M. This is the diagonal of a bicyclic complex which 
is quasi-isomorphic to its total complex. On the level of Hochschild homology, 
this is the Eilenberg-Zilber theorem (see, for example, [We, Thm. 8.5.1]) which — 
in one direction — is implemented by the Alexander- Whitney map. Applying the 
HKR map on the level of sheaves, one eventually finds 

HH.{C^{Q))^ e Hp(A(G),A'7rBo). 



26 



NIELS KOWALZIG AND HESSEL POSTHUMA 



The groupoid A(G) := Bq x G is disconnected in general, which induces a de- 
composition of the Hochschild and cyclic homology. The component G C A(G) is 
called the unit component, and for this one finds 

(3.7) HH.(C~(G))[i] 5^ e Hp{G,An*M). 

p+q=. 

We compare this with the Hopf-cyclic theory as follows: using the isomor- 
phisms (|3.2b , one has for the fundamental space from il2.4l 

B„(C~(G)) ^ Cr(B„). 

One easily checks that the induced simplicial and cyclic operators are equal to the 
push-forwards along the simplicial and cyclic maps on B. as above. In a similar 
spirit, the invariant map C^{G,i) ^ C^(B„) from l|2.13l l is induced by the mor- 
phism 

G„ ^> B„, {gl, ■ ■ ■ , gn) {{gl ■ ■ ■ gn ) I g\i ■ ■ ■ r gn)- 

With this, we now see that the map 

HH:'s(C~(G)) ^ HH^°pf(C~(G)) 

induced by the projection C^(G)'- B.(C^(G)) is in turn induced by the projec- 
tion onto the degree zero component 0/>o A'r*M Cof representations of G. 

Remark 3.8. As remarked in f Cr2l , the dual cyclic homology of a Hopf algebra 
captures the full "localisation at units" of the cyclic homology of the underlying 
algebra. Here we see explicitly that this is not the case for Hopf algebroids: the 
right hand side of i3.7i has far more components than those appearing in Theo- 
remEU 

3.3. Lie-Rinehart algebras. Important examples of Hopf algebroids also arise from 
Lie-Rinehart algebras as we shall now explain: 

3.3.1. Definitions. Here we briefly recapitulate the basic definitions and properties 
of Lie-Rinehart algebras, cf . IrH IHll . Let A be a commutative algebra over the 
ground ring k, containing Q. A Lie-Rinehart algebra over A is a pair (A, L), where L 
is a fc-Lie algebra equipped with an A-module structure and a morphism of k-Lie 
algebras L — > Derj- A, X i— > {« i— > X{a)} such that 

{aX){b) = a{X{b)), X e L, a,b e A, 

[X,aY] = a[X,Y]+X{a)Y, X,Y e L, a e A. 

The morphism L Derj.(A) is usually referred to as the anchor of (A, L). For 
convenience we shall also assume that A is unital in what follows. 

A Lie-Rinehart algebra is the algebraic analogue of the notion of a Lie algebroid 
in differential geometry. The algebraic geometric generalisation is given by a sheaf 
of Lie algebroids, defined over a locally ringed space. In fact, a Lie-Rinehart alge- 
bra defines such a sheaf over the affine scheme Spec(A). 

A left (A, L) -module over a Lie-Rinehart algebra is a left A-module M which is 
also a left Lie algebra module over L with action X^j^m i-^ X{m) satisfying 

(flX)(m) = fl(X(m)), 
X{am) = X{a)m-\- aX{m). 
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Alternatively, we can view a left (A, L)-module as an A-module M equipped with 
a flat left [A, L) -connection: this is a map V' : M — t- Hom^(L, M) satisfying 

(3.8) Vx(flw) = aV'xim) + X{a)m, 

for all fl G A, X G L, and m G M. Flatness amounts to the usual condition 

for all X,Y e L. We write Mod (A, L) for the category of left (A, L)-modules. 

The universal enveloping algebra of a Lie-Rinehart algebra (A, L) is constructed 
as follows [RiJ: the direct A-module sum A © L can be made into a A:-Lie algebra 
by means of the Lie bracket 

[(fll,Xi),(fl2,X2)] := (Xi(fl2)-X2(fli),[Xi,X2]). 

Let 1I( A © L) denote its imiversal enveloping algebra and (A © L) the subalge- 
bra generated by the canonical image ofA©Lu-i'U(A©L). For z G A ffi L, denote 
byz' its canonical image in 11+ (A ©L). The quotient VL := 11+ (A © L)/ J, where I 
is the two-sided ideal in 11+ (A © L) generated by the elements (az)' — a'z' , a & A, 
is called the imiversal enveloping algebra of the Lie-Rinehart algebra (A, L). It 
comes equipped with a fc-algebra morphism z'^ : A — )• VL, as well as a morphism 
: L — 7- Lie(VL) of k-Lie algebras, subject to the conditions 

iA{a)iL{X) = iiiaX), iL{X)iA{a) - iAiaMX) = ^(^(fl)), a e A, X e L. 

It is universal in the following sense: for any other triple (W, (pi, (p^) of a fc-algebra 
W and two morphisms cpA '■ A ^ W, (pi : L ^ Lie(W) of fc-algebras and A:-Lie 
algebras, respectively, that for all a G A, X G L obey 

(PA{a)(pL{X) = (pi{aX), (Pi{X)cpA{a) - (PA{a)<Pi{X) = </)^(X(fl)), 

there is a unique morphism <I> : VL — ?• W of A:-algebras such that <I> o z'^ = cpA and 
^ oil = <pL- This property shows that the natural functor Mod(VL) Mod (A, L) 
is an equivalence of categories. With this, the Lie-Rinehart cohomology of (A, L) 
with values in a left (A, L) -module M is defined as 

(3.9) H"(L,M) := Ext\,i{A,M). 

The Poincare-Birkhojf-Witt theorem. The algebra VL carries a canonical filtration 

(3.10) VL(o) C VL(i) c VL(2) C . . . 

by defining 'VL(^_2^ := 0, VL^qj := A and VL^^-j to be the left A-submodule of 
VL generated by ii{L)P, i.e. products of the image of L in VL of length at most p. 
Since aD — Da E VL^p_i^ for all a G A and D G '^J^{p)> left and right A-module 
structures coincide on VL^^j /VL^^.j^. It follows that the associated graded object 
gr(VL) inherits the structure of a graded commutative A-algebra. 

Let S^L be the graded symmetric A-algebra of L and S^L its degree p part. 
When L is projective over A, the Poincare-Birkhoff-Witt theorem (cf. [RiJ, and 
INWXI in the context of Lie algebroids) states that the canonical A-linear epi- 
morphism SaL gr(VL) is an isomorphism of A-algebras. While Ia is always 
rnjective, in this case even ii is injective and we may identify elements a G A and 
X G L with their images in VL. Hence, the symmetrisation 

7T : S^L ^ VL(p) Xi ■ ■ ■ © Xp ^ 1 ^ X^(i) ■ ■ ■X^(p) 
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where X, G L or X, E A, induces an isomorphism of left A-modules S^L VL. 

3.3.2. The associated Hopf algebroid. The fact that Lie-Rinehart algebras give rise 
to left bialgebroids in the sense of Definition 11.11 by means of their enveloping 
algebras has been observed before in the literature, cf. I X2 , iKR2[ IMo eMrc I . In this 
section we shall determine the extra datum needed to define a Hopf algebroid 
structure. 

In the previous section, we have discussed the category of left VL-modules, and 
its interpretation on the level of the Lie-Rinehart algebra as flat connections I l3.8b . 
Let us now consider right VL-modules. A right (A, L)-connection (cf. \H2\ ) on an 
A-module N is a map V : N — > Homs-(L, N) which fulfills 

(3.11) Vx(a«) = a\/xn-X{a)n 

(3.12) Vlx^ = flV'xM - X{a)n, a e A, X e L, n eN. 

Again, the connection is called flat if one has [V^, Vy] = Vjy for all X, Y G L, 
in which case they integrate to a right VL-module. If L is A-projective of finite 
constant rank, then by | H21 Thm. 3] flat right {A, L) -connections on A correspond 
to flat left {A, L) -connections on AX^ ^' maximal exterior power of L. As such 
they were introduced in [XI J in the context of Lie algebroids to define Lie algebroid 
homology. In the more general context of Lie-Rinehart algebras such flat right 
{A, L) -connections on A need not exist at all, cf. Remark l3.12l 

For M a right (A, L)-module — or, equivalently, a right VL-module — we define 
Lie-Rinehart homology with coefficients in M as 

(3.13) H.(L,M) :=Tor7^(M,A). 

We will now describe left and right bialgebroid structures on VL: to start with, set 

s,. = tr = Si = ti = i^ : A ^ VL. 

With this identification at hand, the various A-module structures on VL reduce to 
left and right multiplication in VL. With this, we write ®" for the tensor product 
in Mod(VL) and ig)" for the one in Mod(VL°P). 

Proposition 3.9. Flat left and right (A, L) -connections on A correspond to respectively 
left and right bialgebroid structures on VL over A. 

Proof. Flat left and right (A, L) -connections V' and on A give rise to resp. left 
and right VL-actions on A which will be denoted, only in this proof, by {D,a) ^ 
D ■ a and (fl, D) i— > a • D for a G A and D G VL. Define left and right counit by 

e,(D):=D-l^, e,(D) := 1^ • D, 

for D G VL. In particular, we have of course e;(fl) = fl = er(fl) for fl G A. Seen as 
maps VL — > A, one has by the properties of a left connection 

ei{Dei{E)) = {Dei{E)) ■ 1^ = D ■ e,(E) = D ■ (E ■ 1^) = (DE) ■ 1^ = e,(DE) 
with D, E G VL, and also by ||31T] | and (|3l2t 

e,(e,(D)E) = 1^ ■ (e,(D)E) = e,(D) ■ E = (1^ ■ D) ■ E = 1^ ■ (DE) = e,(DE). 

Define left and right coproduct by setting on generators X G L, a G A 

A,X = l®"X + X(g)"l-q(X)®"l, A,a = fl(g)"l, 

ArX = l®''''X + X®"'l-e,(X)(g)"'l, A,-fl = a(g)"l. 
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Extending these maps to the whole of VL by requiring them to corestrict to k- 
algebra morphisms A; : VL VL VL and Ar : VL VL VL into the 
respective Takeuchi products (cf. pageSjl associated to the {A, A)-bimodule struc- 
tures and l|1.2|l , respectively, one easily checks that (VL, A, Zy^, A;,e;) is a left 
and (VL, A, f^. A,-, Cr) is a right bialgebroid, respectively. □ 

Remark 3.10. The anchor of a Lie-Rinehart algebra yields a canonical flat left 
(A, L) -connection and therefore defines a left bialgebroid structure. The associ- 
ated left counit e/ is simply the projection VL — > A, and one has e; (X) = and 
A;X = X (g)" 1 + 1 (g)" X for X e L. This is the left bialgebroid structure on VL 
of 1X21 IKR21 IMoeMrB , which we from now on will fix as the (canonical) left bial- 
gebroid structure on VL. Remark however that for the right bialgebroid structure 
there is no canonical choice, and in general er(X) 7^ for X G L. 

Next, we will define an antipode: let (A, L) be a Lie-Rinehart algebra and V 
a right (A, L)-connection on A, and define the operator = e,. : L — > A, X ^ 
V^ly^. Define a pair of maps Si : L ^ VL and S/^ : A ^ VL by 

(3.14) Sl{X) = -X + er{X), S^(fl)=fl, a e A, X e L. 

Combining B.llll with (|3.121 , this implies that Si{aX) = —aX + V\a. 

Proposition 3.11 (Antipodes for Lie-Rinehart algebras). The pair {Sa,Si) extends 
to a k-algebra antihomomorphism S : VL ^ VL if and only if the underlying right 
(A, L)-connection on A is flat. In such a case, S is an involutive antipode with re- 
spect to the canonical left bialgebroid structure and the right bialgebroid structure from 
Proposition \3.9\ 

Conversely, given a k-module isomorphism S : VL ^ VL satisfying S(fliDfl2) = 
a2S{D)aifor all D E VL, fli,fl2 G ^/ S(l) = 1, the assignment 

V'':A Hom^(L,A), a ^ {X ^ e;(S(X)fl)} 

defines a right (A, L)-connection on A which is flat if and only ifS is a k-algebra antiho- 
momorphism. 

Proof. We use the universal property of VL: clearly S^: A ^ VL is a morphism of 
fc-algebras. Next, compute 

[SlX,SlY] = [X,Y] + [Y,er{X)] - [X,e,(Y)] + e,(X)e,(y) - e,(Y)e,(X) 

= [X,Y]+ye,(X)-Xe,(Y) 

= Sl([Y,X]) -e,([Y,X]) +Ye,(X) -Xe,(y) +e,(X)e,(Y) -e,(Y)e,(X) 
= Sl([Y,X]) - V[y^x]1^ + Vier(y) - VVe,(X) 
= Sl([Y,X]) - V[y^x]lA + V^fV^l^ - V\V\1a 
= Sd[Y,X]) + {[W\,V\]-W\y^^^){\j,). 

The term between brackets is the curvature of V^, so : L ^ Lie(VL°P) is a 
morphism of fc-Lie algebras if and only if V is flat. We now check 

SA{a)SL{X) = -Xa + fle,(X) = -aX + V> = SL(flX) 

and also 



SL{X)SA{a) - SA{a)SL{X) = -aX + fle,(X) + Xa - fle,(X) = SA{X{a)), 
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SO by the universal property of VL, there exists a unique homomorphism S : VL 
VL°P which fulfills S o ;^ = and S o ii = Si. If the connection is flat, the 
antipode axioms including = id are straightforward to check by considering a 
PBW basis of VL and making use of the antihomomorphism property. 

For the converse statement, we need to check the properties l|3.1Hl and l|3.121 in 
order to be a right connection. As for l|3.1Hl , we compute 

Vxiab) =£i{S{X)ab) = £j{{-Xa + a£r{X))b) = e;((-flX - X(fl) + fle,(X))b) 

= a£j{S{X)b) - X{a)b = aV\b - X{a)b, 

and (|3.12l l is left to the reader. To show flatness if and only if S is a fc-algebra 
antihomomorphism, use again the universal property of VL to compare 

[VY,Vx](fl)=e;(S(y)e,(S(X)fl))-e,(S(X)e,(S(y)fl)) 
= e,{S{Y)S{X)a))-ei{S{X)S{Y)a). 

with V [X, Y] ^ ~ ^/ ( S ( [X, y ] ) fl ) . This completes the proof. □ 

Remark 3.12. The left Hop/ algebroid structure. Let VL (g)'"' VL denote the tensor 
product defined with respect to the ideal generated by {Da E — D (g) aE, D,E G 
VL, fl G A}. Although the antipode S depends on the right connection V, the 
translation map VL -> VL 0''' VL, D ^ D+®D- := D'^) S(D(2)) is independent 
of v. Indeed, evaluated on a PBW basis D = aXi^ ■ ■ ■ X,^^, one finds 

D+ D_ = f i-ir-'aX,^ ■ ■ ■ X,. X,.^^ ■ ■ ■ X,„ . 

j=0 ii<-<lj, 

ij+\<-<'n 

In BKoKrl it was proved that this defines a left Hopf algebroid (x^-Hopf algebra 
IISch2ll ) structure on VL, i.e., the Hopf-Galois map p:=cp2- VL 0''' VL VL VL, 
D E i-> D(i) ® D(2)E (see ^2.3.3|l is bijective with inverse D g) E D+ (3 D-E. 
Among others, this implies that the map above satisfies several identities of which 
we will only list the three needed later on when dealing with jet spaces: 

(3.15) D+(i)(g)D+(2)D_ = D«)l eVL0"VL, 

(3.16) D+(i)®D+(2)(8)D_ = D(i)«)D(2)+0D(2)_ e VL ®" VL 0'"' VL, 

(3.17) D+D_ = e,{D). 

Hence, if A does not admit a flat right (A, L) -connection (see [KoKr] for a coun- 
terexample), VL is merely a left Hopf algebroid, but not a Hopf algebroid. Since 
every Hopf algebroid (with bijective antipode) can be described by two different 
kinds of bijective Hopf-Galois maps (see IBSzj Prop. 4.2] for details), we thence 
propose the name left Hopf algebroid rather than x^-Hopf algebra (see also |Kol 
§2.6.14] why this is a reasonable terminology, apart from solving a pronunciation 
problem). 

3.3.3. The cyclic theory of VL. In this section we present the computations of the 
Hopf-cyclic cohomology and dual Hopf-cyclic homology of the universal envelop- 
ing algebra VL of a Lie-Rinehart algebra (A, L). Let for the rest of this section L 
be projective as a left A-module. Furthermore, let V = V' be a flat right (A, L)- 
connection on A with associated right counit Cr, and denote Ay for A equipped 
with this right (A, L)-module structure. By Proposition 13.111 the connection V 
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determines an antipode, and therefore the cycHc cohomology and homology are 
defined. In the following we shall write By for the corresponding cyclic cohomol- 
ogy operator to stress this dependence; remark that the Hochschild operator b is 
independent of V. Consider the exterior algebra /\a ^ over A equipped with the 
differential d : A'^L ^ A^"^ ^ defined by 

n 

a(flXi A ■ ■ ■ A X„) := ^(-l)'+le,.(flX/)Xi A ■ ■ ■ A X,' A • • • A X„ 

i=l 

+ E(-l)''^^''[^'' Xy] A Xi A ■ ■ ■ A X,- A ■ ■ ■ A Xy A ■ ■ ■ A X„ 

Theorem 3.13. Let {A, L) be a Lie-Rinehart algebra with L projective over A and equipped 
with aflat right [A, L) -connection V on A. The antisymmetrisation map 

Xi A ■ ■ ■ A X„ ^ 1 J] 0" ■ ■ ■ 0« X,(„), 

■ t7eS„ 

defines a quasi-isoniorphism of mixed complexes 

Alt: (Aa^^. 0,3) ^ (C-(VL),b,Bv) 
which induces natural isomorphisms 

HH'(VL) A^i i-/ 

HP-(VL) ^ e H„(L,Av). 

tt=»mod2 

Proof. The isomorphism for the Hochschild groups relies on a similar considera- 
tion for fc-modules llCarl IKas2ll and is also known in the Lie algebroid case ICali 
Thm. 1.2]. The proof of the algebraic case proceeds analogously: first one checks 
that the morphism Alt : Aa ^ ~^ C'(VL) indeed commutes with the differentials, 
b o Alt = 0. Since the Hochschild cohomology only depends on the A-coalgebra 
structure, it suffices to prove that the morphism gr(Alt) : Aa L ^ C (gr(VL)) = 
C* {S/{L) is a quasi-isomorphism: observe that S^i can be seen as the universal en- 
veloping algebra of the Lie-Rinehart algebra defined by the A-module L equipped 
with zero bracket and zero anchor. With this, the PBW map S/^L — > VL is an 
isomorphism of A-coalgebras. 

Assume first L to be finitely generated projective over A. Localising with re- 
spect to a maximal ideal m C A, the module Lm is free over Am of rank (say) r, 
and the morphism descends to a cochain morphism 

gr(Alt)m : AA,.Lm ^C-(Sa„L„). 

We shall prove that this map is a quasi-isomorphism for all m. Fix a basis e, G 
Lm, z = 1, . . . , r over Am as well as a dual basis e' E L^. We then have S^^im — 
^m[ei/- • ■/£,]. The dualKoszul resolution of Am by left SA„im-comodules has the 
form 

K' : Am > Sy\„^Lm > Sai^Itti '^Am > S/^^Lm ®Am A A,,, ^"^ ^ " " " 

with d = Lgi ® e-i, that is, 

r 

d{D Xi A ■ ■ ■ A X„) := ^ i^iD A Xi A ■ ■ ■ A X„. 

1=1 
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Here denotes the action of a G L* := liom^{L, A) by derivations: laD := 
a(D(i))D(2), D E SaL, with respect to the coproduct Asl on S^L. Defining a 
contracting homotopy by 

)• 

s(D Xi A ■ ■ ■ A X„) ■- J^i-iy+'^DXi (g) Xi A ■ ■ ■ A X/ A ■ ■ ■ A X„, 

i=l 

it can be checked that K' yields a cofree resolution in the category Comodi (Syi^^ J^m), 
hence the resolution is also relative injective. To compare this with the cobar reso- 
lution, one shows that the natural map 

Do ® Di (g) ■ ■ ■ (g)D„ ^ Do (g)pr (Di) A ■ ■ ■ Apr (D„), 

where pr : S/i,^Lm — ^ Lm denotes the canonical projection, defines a cochain 
equivalence. Indeed this amounts to the identity 

r 

(id ®pr )AslD = Y^ i^iD (g> e,-, 

i=l 

for all D e Sa^ Lm, an identity that is easily checked on generators. To compute 
the Cotor groups, we use the natural isomorphism 

^mnSA,„L„, {SA„,Lm ®Am Aa„ ^^m) = Aa,^ ^m, 

which induces the zero differential on the right hand side. By the fact that the 
projection (S/i_^Lm)'^" — > A^,^ ^-m is a left inverse to Alt, the claim now follows. 

In the general case where L is projective over A, but not finitely generated, there 
exists as in |Lo Thm. 3.2.2] a filtered ordered set / as well as an inductive system 
of finitely generated projective (or even free) A-modules Lj such that 

L ~ lim Lj. 

M 

Since both HH (which is the derived functor Cotor here) as well as S commute 
with inductive limits over a filtered ordered set, the projective case follows from 
the finitely generated projective case. 

To prove the second isomorphism, we need to show that Alt intertwines the 
cyclic cohomology differential with 8. The best way to do this is to use localisation 
onto coinvariants. Let By : C*(VL) -> C'^i(VL) and B : B'(VL) B'-^VL) 
denote the cyclic cohomology differentials of the mixed complexes associated to 
the Hopf-cocyclic module VL^ and the fundamental A-coalgebra cocyclic module 
'\^i'coaig,h/ respectively. As usual, B = Na_i{l — A), where A := (— 1)"t„, N := 
ELo and (7_i := (7„_it„. Hence, B : B"(VL) B"-i(VL) is given explicitly by 

B(Do «)■■■«) D„) = ^ [ (-l)"'e;(Do)Di+i ® ■ ■ ■ » D„ Di ® ■ ■ ■ D;_i 

1=0 

_ (-l)"('-i)e,(D„)D,-+i (g) ■ ■ ■ (g) D„_i g) Do g) ■ ■ ■ g) D,-_i) . 

Note that B"(VL) ^ C"+^(VL) as (A, A)-bimodules in this example. From our 
general considerations in m.H we have By o Ycomv = ^mmv o B for the morphism 
Tcoinv : B" (VL) -> C" (VL). Using its right inverse lETjl, it is seen that 

Alt(flXi A---AX,,) = Yc„„v(^ J2 (-!)'"« «'X£r(i)«)---®X^(„)). 

ueS„ 
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Since L c ker e; and because e; is a left A-module map, we can compute 
Bv(Alt(flXi A---AX„)) = 



aeSn 



= T^Av E (-l)'^S(aX,(i)) . (X,(2) ... X,(„)). 
Now as an element in VL®"", it is easy to see that 

n 

A""^S(flX) = -J^ l®--^ 1 (gjgX 1 ■ - (g) 1 +e,-(flX) (g) 1 < 

' ;'— 1 times n—i times jj— 1 times 

for a G A, X G L. With this one then obtains 

-4^17 E (-l)"S(flX,(i)) • (X,(2) • • • X,(„)) = 

= \v E (-l)''e'-(«Xcr(l))X^(2) ® ■ ■ ■ » X^(n) 



1 

L creS„ 

Alt( E(-l)'+V(aXi)Xi A ■ ■ ■ A X,- A . . . A X„ 



(3.18, -i^3i^EE(-ir.x.„«...«x,„x, 



(7(l)^cr{i) • • • <8> X^(„) 



i=l 

+ E(-l)'^^«[^''' Xy] A Xi A ■ ■ ■ A X,- A . . . A Xy A . . . A X„) 

'</■ 

= Alt(3(fl(g)Xi A... AX„)). 
This completes the proof. □ 

Theorem 3.14. Let {A, L) be a Lie-Rinehart algebra. Under the same assumptions as in 
Theorem [3.13\ there are natural isomorphisms 

HH.{VL) ^H.{L,Ay), 

HC.{VL) = ®H._2i{L,Ay). 

i>0 

Proof. The first isomorphism follows from Theorem I2.13[ together with the defi- 
nition (|3.131 of Lie-Rinehart homology as a Tor functor. The second isomorphism 
follows from Theorem l2.16l H'). □ 

Proposition 3.15. The isomorphism of Hochschild homology above is induced by the 
chain morphism 

cp~^on\A\\i■.{^\ L,d) ^ {Cn{VL),b), 
where (p is the Hopf-Galois map ofLemma[ 
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Proof. In view of Theorem l2.10l it is equivalent to prove that the map Alt : /\\ L 
C-(VL) maps the differential d : /\"y^L ^ ^"'^ L to 

11-1 

b:=£7„_ioT„+ ^(-1)'+V,v 
(=0 

i.e., Alt od = b o Alt on C ( VL) . Since the maps ct; are just given by the left counit 
acting on the /* slot of the tensor product, the second sum is zero when evaluated 
on the image of Alt, and we are left with the term <7„-i o t„, which gives 

(7„_i T„ Alt(flXi A ■ ■ ■ A X„) = l J2 (-l)''S(flX^(i)) ■ (X<,(2) 0" ■ ■ ■ 0" X^(„)) . 

Inspection of the calculation ll3.18l l shows that this is exactly iAlt(3(flXi A • • • A 
Xj,)) . Hence q>^^ o n\ Alt is a morphism of complexes. To prove that it is a quasi- 
isomorphism, consider the so-called Koszul-Rinehart resolution: 

with b' ■.VL(g)AA"L^ VL (g)^ A""^ J- given by 

n 

fo'(D(g)Xi A--- AX„) = ^(-1)'"1dX,-«)Xi A---X,---- AXn 

i=l 

+ E i-'^y^'D [X„ Xy] A Xi A • • • X, ■ ■ ■ X^- ■ ■ ■ A X„, 

l<i<j<n 

where D E VL and X^, . . . , X„ G L. This is a projective resolution of A in the 
category Mod(VL). By the same computation as above, one shows that the map 

n! ( id (E)(p-^ o Alt) -.VL^aAa^-^ Bar„ (VL) 

is a homotopy equivalence. Taking A (g)vL ~ on both sides, one finds the map of 
the proposition. This proves that it is a quasi-isomorphism. □ 

3.4. Jet spaces. 

3.4.1. The dual jet space of a Lie-Rinehart algebra. In this section we describe another 
Hopf algebroid associated to a Lie-Rinehart algebra (A, L), the Hopf algebroid of 
L-jets. Some of its structure maps have been used before in the literature, cf . [NelH 
ICalVdBl , here we give a complete description: it is in a certain sense the dual of 
VL. {Note added in proof, this Hopf algebroid was later independently reobtained in 
IICalRoVdBi App. A].) In general, duality in the category of bialgebroids has been 
described in IIKadSzl (see BBSzll for an extension to Hopf algebroids) assuming that 
the bialgebroid is finitely generated projective over the base algebra. This is clearly 
not the case for VL, but each successive quotient VL^^j /VLq,_]^j in the Poincare- 
Birkhoff-Witt filtration | |3.10|I is projective, provided L is projective over A. 

For the rest of this section, let L be finitely generated projective of constant rank 
as an A-module. The space of p-jets of (A, L) is then defined as 

2^L :=Hom^(VL<p,A), 

where VL<p denotes the elements in VL of degree p or less. The infinite jet space 
is defined as the projective limit 

a~L :=lima''L. 
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By definition, 3°°L is complete with respect to the canonical PBW filtration l|3.10l l. 
In this section we will therefore always complete tensor products using this filtra- 
tion (cf. \W\)- 

We are now going to show that this space carries the structure of a Hopf al- 
gebroid over A: first of all, there is a commutative algebra structure that can be 
described using the (left) comultiplication on VL: 

<Picp2{D) = ,?)i(D(i))(/)2(D(2)), (pi,(p2 e rL, D e VL. 

The unit for this multiplication is given by the left counit : VL — ?■ A, since 

e,^{D) = e,(D(i))</)(D(2)) = <?>(e,(D(i))D(2)) = cp{D). 

There are two homomorphisms s,t : A ^ 3°°L given by 

s(fl)(D) := £i{aD) = fle,(D), 

t{a){D) := e,{Da) = D{a), aeA,DeVL, 

where we recall that here and in the rest of this section D{a) := ei{Da), D E VL, is 
the canonical VL-action on A given by extension of the anchor of (A, L). A small 
computation shows that the images commute, and therefore {3^L, A,s,t) is an 
(s, f )-ring. Next, we consider the coproduct. For this we need the following: 

Lemma 3.16. There is a canonical isomorphism 

rL®A a~L = limHom^ ({^^®a "^i')<pM) • 

V 

Proof. By definition, ®a 3"^^ is the quotient of by the ideal gen- 

erated by {t{a)<p-[ ®(p2 — (pi® s{a)(p2, (pi,(p2 £ 2^L,a E A}. The first term in this 
ideal, evaluated on D E G VL VL, we write out as: 

it{a)(Pi ® (p2)iD (g>E) = t{a)(pi{D) » ^2(E) 

= D(i)(fl)<|>i(D(2))®</>2(E) 

= <Pi{ei{D^^f)D^2)) '»<P2{E) = MDa) (8)(p2{E). 

The second term gives 

((/)i«)s(fl)<^2)(D«)£) =</)i(D)(g)fle;(E(i))(/)2(E(2)) ^ M^) (g> (piiaE) . 

Remark that these two expressions use exactly the (A, A)-bimodule structure on 
VL used in the (8)'''-tensor product. It therefore follows that the map 

^i®(p2^ {D®E^ (Pi{D(p2{E))} 

induces the desired isomorphism. □ 

Observe now that the product on VL descends to a map m : VL 0''' VL — > VL. 
We can therefore dualise the product to obtain a coproduct A : — > £f°°L (g)^ 3~L, 

cpiDE) =: A(<^)(D 0^' E) = <p^^) (d<^(2)(E)) . 

Associativity of the multiplication implies that A is coassociative. The counit 
for this coproduct is given by e : ^ i— ?• (/)(1vl). It is now easy to verify that 
(3"^L, A, s, e. A) is a left bialgebroid, and since ^'^L is commutative, it is also a 
right bialgebroid. Hence, to obtain a Hopf algebroid all we need is an antipode. 
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As observed in I'NeTsI , there are two left VL-module structures on 3°°L. First 
there is the "obvious" module structure given by 

{D-i(p){E) -.= ^{£0), (p e S'^L, D,E eVL. 

Second, there is another left VL-module structure constructed as follows: con- 
sider the A-module structure defined by left multiplication by the source map, 
i.e., (fl ■ ^)(D) := (s(fl)^)(D) = (p{aD). On this A-module, there is a canonical left 
connection, also called the Grothendieck connection, given by 

(3.19) V'x{(p){D):=X{4>{D))-(p{XD), cp e 3°"L, D e VL, X e L. 

One easily checks that this connection is flat, and we can write the induced VL- 
module structure as 

{D-2Cp){E) = D+{cp{D^E)), D,EeVL, 

where we used the canonical left Hopf algebroid structure on VL, cf. Remark l3.12l 
With respect to the coproduct, these two module structures satisfy: 

A(D-i<^) = D-i,?)(i)0,?)(2) 

A{D-2(p) =(p(^i)(E)D-2(p(2) 

We now define the antipode on 3°°L to be 

{S<p){D) := e{D ■2<p) = D+{cp{D.)). 

By construction, this is the map that intertwines the two module structures. 

Theorem 3.17. Equipped with this antipode, S'^E is a Hopf algebroid with involutive 
antipode in the sense of Definition \1.2\ 

Proof. Since L acts on VL via l l3.19ll by derivations, L — > Derj-(3°°L) is a morphism 
of Lie algebras. It therefore follows from the Poincare-Birkhoff-Witt theorem that 

D -2 (^1^2) = ■2^i)(D(2) •2^2)- 

Using this property, one finds that S is a homomorphism of commutative algebras: 

S{cpicp2){D) = (D-2 {cpicp2)){lvL) 

= ((D(i)-2</'i)(D(2) ■2<?2))(1vl) = iiScpr)iScp2))iD). 

To prove that = id, one first computes (S^^)(D) = ei[D+D ^^(D__)), using 

the properties of a left coimit. Next, to find a simpler expression for D+D (. (3 

D eVE 0''' VE, apply the Hopf-Galois map /S from Remark l3l2l to it: 

f,{D+D-+ D__) = D+(i)D_+(i) D+(2)D_+(2)D— 
= D+(i)D_0D+(2) 
= 1 D e VL 0" VE, 
where | |3.15| | and the fact that VE is cocommutative were used. Hence 

D+D_+ ® D__ = ^-1(1 ®D) = 1+® 1_D = 1 ® D e VL VE, 
and therefore {S^){D) = (p{D). 
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We now verify the axioms in Definition ll.2l since s = s; = t,-, t = t] = s,-, the 
first one is trivially satisfied, whereas the second is equivalent to the coassociativ- 
ity of A, because A = A; = A^. For the third one, with Il3.15|l , l|3.17t , and the Leibniz 
rule for the canonical left VL-action on A we compute: 

S(s(fl))(D) = D+(fleKD-)) = eKD+(i)fl)eKD+(2)D_) = D{a) = t{a){D), 

for fl G A, D G VL, and S o t = s then follows using = id. Finally, since S is 
an algebra homomorphism and an involution, it suffices to prove one of the two 
identities in \1.5) . For example, with l|3.16l l and (|3.17l l we obtain 

<P(l)5{'P[2)){D) = </'(l)(D(i))D(2) + (<?>(2)(D(2)_)) 
= '?'{l)(D+(l))D+(2) [<p(2){^-)) 

= ^(i)(D+<^(2)(D_)) 
= ^(D+D_) 

= ei{D)cp{l)=s{e{cp)){D), 

and this is precisely the second identity in \1.5\ . This completes the proof that 3°°L 
has the structure of a Hopf algebroid with involutive antipode. □ 

Remark 3.18. Theorem 13. 171 is remarkable in the sense that whereas the universal 
enveloping algebra VL of a Lie-Rinehart algebra carries no canonical Hopf alge- 
broid structure, its dual 3°°L is a Hopf algebroid without making further choices. 
Close inspection of the preceding proof shows that the Hopf algebroid structure — 
more precisely the antipode — depends solely on the left Hopf algebroid structure 
on VL which is canonical, i.e. does not depend on the choice of a flat right connec- 
tion. 

Remark 3.19. In the construction of the jet space — now written as 3J"L — we con- 
sidered VL as an A-module by left multiplication. Right multiplication leads to 
a space 3|?°L, a priori without much structure. Only after introducing a flat right 
(A, L) -connection on A we can introduce a ring structure using the right coprod- 
uct A," on VL, as well as source and target maps using the right counit e, - This 
does again lead to a Hopf algebroid, but one easily proves that the map (p i-^ cp o S 
defines an isomorphism 3^L ^ 3^L of Hopf algebroids, where S is the antipode 
on VL constructed from the same flat right connection as in Proposition l3.11l 

3.4.2. The cyclic theory of Let (A, L) be a Lie-Rinehart algebra. If L is A- 
projective, Lie-Rinehart cohomology with values in A (cf . I l3.9t ) can be computed 
by the complex (Hom/^{^\L, A),d) with differential : ^'\L -> A^^^i- defined by 

da;(XoA---AX„) = f^(-l)'X, (a;(Xo, . . ., X,-, . . ., X„)) 

i=0 

+ E(-l)'^^'^([^^' ^/]' Xo, . . . , X,-, . . . , Xj, ...,X„). 

•<i 

Theorem 3.20. Let (A, L) be a Lie-Rinehart algebra, where L is finitely generated A- 
projective of constant rank. There are canonical isomorphisms 

HH-(a~L) H-(L,A), 
HC"(a~L) ^ ® H-+2'(L, A). 

!>0 
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Proof. Denote L* := Hom^(L, A). By the given conditions we have Aa^* — 
Hom^ ( A^i-, A) . To compute Hochschild cohomology, instead of the cobar resolu- 
tion one can use the dual of the Koszul-Rinehart resolution given by (cf. BNeTsI ) 

o^A^rL^rL«)AAAi^* ^a~L«)AAii* 

where V is the continuation of the Grothendieck connection, cf. (|3.191 : 

V((/)®a;)(Xi,...,X„+i) = 

= E (-1)"' ^x,'?' ® ^(^1' • • • ' • ■ • ' 

1=1 

+ E(-l)'+^'</' (B>cv{[X„ Xy], Xi . . . , X„ . . . , X^v . . . , X„+i), 

for 4> e CO e A'XL* and Xi, . . . , X„+i e L. It follows from lll20l l that this is 
indeed a cofree resolution of A in the category of left 3°°L-comodules (remark that 
s : A ^> 3°°L is a morphism of left 3°°L-comodules). To compute the Cotor groups, 
we take invariants and apply the isomorphism lIl.lSI l: 

A^i L* A AUg^L (a~L ®A A\L*), 

given by Xi A ■ ■ ■ A X„ iH> Ia^I^^l^^i A • • • A Xj, . Since the unit in 3°°L is given by 
the left counit : VL — A, the induced differential is exactly the differential for Lie- 
Rinehart cohomology. This proves the isomorphism for Hochschild cohomology. 
The second isomorphism on cyclic cohomology follows from Theorem l2.16l ;). □ 

Theorem 3.21. Let {A, L) be a Lie-Rinehart algebra, where L is finitely generated A- 
projective of constant rank. There is a natural morphism of mixed complexes 

F ■.{C.{3'"L),b,B) ^ (A^i L*,0,d) 

defined in degree n by 

F((/pl®---0,/)")(XiA---AX„) := (-1)"(S(<^1)A---AS(<^")) (Xi,...,X„), 
which induces isomorphisms 

HH.{3°°L) ^ A'a L*, 

;>0 

Proof. This statement is very much the dual of Theorem l3.13l The dual of the PBW 
isomorphism gives 3°°L = S^L* as commutative algebras. Similar to Lemma [3.16l 
there is a canonical isomorphism 

C„(a~L) = limHom^ ((VL^*"")^^,, a) , 
p 

induced by the map 

® ■ ■ ■ ® ^'')(Di • • • D„) = S{(p^){Di) ■ ■ ■ S(4)")(D„). 

Observe that C„(3°°L) is defined here with respect to the tensor product in the 
category Comodj^(3°°L), the dual of and the antipode is needed to go from 

(the duals of) VL®"" to VL®"", to make the map F well-defined. Since a~L is a 
commutative algebra, it maps the Hochschild differential b to zero. 
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Clearly, F is a morphism of A-modules, where A acts on C. (3°°L) by multi- 
pLLcation by a e A, on the first component. We can therefore localise with 
respect to a maximal ideal m C A to prove that F is a quasi-isomorphism. As in 
the proof of Theorem 13.131 Lm is free of rank r over Am, and we choose a basis 
£i £ e' £ Fm, i = 1, . . . ,r. The Koszul resolution 

^ Am ^ r Lm rim 0A„ L^ 4^ rim 0A„ A^,, L*, ^ . . . 

is a free resolution of Am in the category Mod(3°°Fm) with differential 

r 

d'{(p (g) o;) = ^ e^(p (g) Je^o;. 

i=l 

The natural map a~Fm 0a„ A^i^ ^ Bar.(a~Fm) given by 

^ ai A • • • A a„ := '55 (a^ o pr ) A • • • A (a„ o pr ), 

is a morphism of complexes as one easily checks. Since S(a; o pr ) = —a o pr for 
Oi e L*, the map id (g)Fm : Bar.(3"'Lm) 3~Fm <8iyi„ A^^ "S^^ inverse and 

induces the morphism F when taking the tensor product Am €5g~Lm ~ on both 
sides. This proves the first claim. 

As for the second, notice that one has Bj,(a~L) = C„+i(a~L) since is com- 
mutative, and the map to invariants Yj^v : C„(3~L) Cn+i(3°°L) of i]2.4l is a mor- 
phism of cyclic modules. Explicitly, this map, when restricted to L*, is given by 

= t {S4>Hx^) ■ --sfix,) • • •s<^"(x„))S4)i,)(x,)(x„+i(<^i2)(i)) -'/'{2)(^"+i))- 

! = 1 

Since the cyclic structure on C.+i(tJ°°L) depends only on the structure of as a 
commutative algebra, it is well-known (see, for example, [LoJ) that the morphism 

® ■ ■ ■ «> ^"+^ ^ <p"+^d<p^ A---Ad<p" 

induces a morphism of mixed complexes {C.{3°°L)[l],b,B) — >• {A'a L*,0, d). Com- 
posing this morphism with Y^v as above, one finds exactly the map stated in the 
theorem. This proves that it intertwines the B-operator with the coboundary oper- 
ator for Lie-Rinehart cohomology. Since we already know that this map is a quasi- 
isomorphism on the level of Hochschild homology, the SB I sequence implies that 
it is a quasi-isomorphism for cyclic homology. This proves the theorem. □ 

3.4.3. Lie groupoids. Here we explain the relationship between the previous con- 
structions and so-called /orOTfl/ Lie groupoids [KarJ, justifying the name jet spaces. 
Among others, it gives a natural explanation of the Hopf algebroid structure. 

Let X c Y be a closed subset of a smooth manifold Y. lis formal neighbourhood is 
the commutative ring 

a^(X) := C~(Y)/If, 

where Ix denotes the ideal of functions vanishing on X, and = fl^x^^- It 
has the following functorial property: let / : (Xi, Yi) — > (X2, Y2) be a smooth 
map from Yj to Y2 with the property that /(Xi) C X2. This induces a canonical 
morphism of rings /* : (X2) ^ dy^ (Xi) by pull-back. 
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Consider the Lie-Rinehart algebra arising from a Lie algebroid E(G) of a Lie 
groupoid s, f : G =4 M: this is the vector bundle over M defined by the kernel 
of the derivative of the source map: E(G) := ker(ds)|M. The derivative of the 
target map, restricted to M, provides the anchor, so that the space of sections of 
E(G) defines a Lie-Rinehart algebra over A = C°°{M). Let denote the structure 
sheaf of smooth functions on M, and define the following sheaf on M: 

where Im denotes the sheaf of smooth fimctions on G vanishing on M. This de- 
fines a sheaf of commutative algebras on M which has two natural inclusions 
^ giv^i^ t)y pull-back via s or t. As above, 3q denotes the projective limit 
of these sheaves. The pair (M, 3q) is a locally ringed space, and the ring of global 
sections 3q{M) is the formal neighbourhood of M in G as defined above. 

Remark 3.22. For the so-called pair groupoid M x M ^ M, source and target map 
are given by the projection onto the first resp. second component. The associated 
Lie algebroid over M is then nothing but the tangent bundle TM. Since the unit 
inclusion is just the diagonal map, the definition above is the standard definition, 
cf. e.g. |KuSp, Ch. 1], of the sheaf of jets of smooth functions on M. 

Proposition 3.23. There is a canonical isomorphism 3q{M) = 3P(E(G)). 

Proof. On M there is a short exact sequence of vector bundles 

— > E(G) — >TG\m-^TM — > 0. 

There is therefore a canonical map 

aP(M)^3P(E(G)), /^{D^D(/)}, 

where we view D G VE(G)<p as a germ of a differential operator on G of or- 
der < p. This map is clearly left C^-linear, so it indeed defines an element in 
3P(E(G)). Let (xi, . . .,Xs,yi,. . .,!/,•) : U R'^+'' be local coordinates on LI C G, 
where (xi, . . . ,Xs) are defined on Li H M. For some / G C^(LL) we have by Taylor's 
expansion 

(3.21) f{x,y)= Y: D;/(x,0)^ modJ];+\ 

|fl;|<p 

where a = (o-i, . . . , a,-) denotes a multiindex, |a| = E,- a,-, a! = ! ■ ■ ■ a^!, and = 

81*1 ■ ■ ■ dyr'. This gives locally a representative of each local section of 3q as a 
polynomial of degree < p in the y-coordinates. A general element D G VL<p can 
locally be written as 

D = ^ c,(x)D;, 

|a|<p 

with Cfl; G C^(LL), and this shows that the map defined above is an isomorphism 
in each degree. Taking the projective limit proves the proposition. □ 

As remarked, the formal neighbourhood 3q{M) comes equipped with two ho- 
momorphisms s,t : C°°(M) 3q{M) given by pull-back along the groupoid 
source resp. target map. As a commutative algebra, it therefore inherits the struc- 
ture of an (s, f )-ring. 
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Consider now the inclusion {u,u):M ^ G2, and define the following sheaf on M: 

p 

where s : G2 ^ M is defined as 3(^1,^2) = s{gi)- 
Proposition 3.24. There is a canonical isomorphism of sheaves 

a CO ^. fiCO — rroo 
G '^G ^ ^^Gz 

by which the coproduct A is identified with the pull-back of the multiplication. 

Proof. Define the morphism of sheaves as follows: let /j and /2 be local sections of 
Sq. Define the local section / of Sq^ stalkwise by 

Clearly, this morphism factors over the ideal generated by (s*C^ 01 — 10 t*C'^) 
in Sq ® 3q defining the tensor product and is therefore well-defined. With respect 
to G2, there is a short exact sequence of vector bundles over M 

— > £(G2) — > TG2 TM — > 0, 
where E(G2) is the vector bundle with fiber at x G M given by 

E(G2)., = {(X,y) e E(G), © E(G);, I dt{X) = ds{Y)}. 
It then follows from (|3.21l l that the map defined above is an isomorphism. □ 

Next, we turn to the antipode, given by the dual of the groupoid inversion map, 
S := /*. Notice that on the level of sheaves : G ^> G induces a morphism 

but on the level of global sections it defines a homomorphism S : 3q{M) 
3q{M) satisfying S{s*ficpt*f2) = s* f2S{(p)t* fi for all (p e dQ{M) and /i,/2 e 
C°°(M). With this antipode, it is easy to check that all Hopf algebroid axioms in 
Definition [O] are satisfied by the fact that G =^ M is a Lie groupoid. 

Remark 3.25. It is clear from the construction above that not the full groupoid 
G ^ M is needed, but rather its structure in a neighbourhood of M in G. Such an 
object is called a local groupoid. Although for a general Lie algebroid there may be 
obstructions to integrate to a Lie groupoid IICrFI , one can always find an integrat- 
ing local Lie groupoid, see Cor. 5.1 of [loc. cit.]. The previous construction gives 
therefore an alternative proof of Theorem 13 . 1 71 for Lie algebroids. 

Remark 3.26 (The van Est isomorphism). Let G be a compact Lie group with Lie 
algebra g. One may consider G as a Lie groupoid with only one object, the unit, 
and the previous construction defines a Hopf algebra of jets of functions on G at 
the unit. In this case, Vg = Ug, the universal enveloping algebra of g. Therefore 
3°°g = Sq*, and the preceding theorem gives 

HC.(r(0)) = H-j0,K). 
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On the other hand, C°° (G) has a Hopf algebra structure by dualising the structure 
maps of G, provided one uses the projective tensor product and its property 
C°°{G)^C'°{G) !^ C~(G X G), cf. [GJ. For this Hopf algebra one has 

HC.iC^iG)) ^ eH--2'(G,]R). 

/>o 

There is an obvious morphism C°°(G) — > 3°°(g) of Hopf algebras by taking the 
jet of a function at the unit. On the level of cyclic homology, this induces a map 
H'i„(G, R) H'^,{g, K), which is the van Est map. 

Example 3.27 (The coordinate ring of an affine variety). Let A be the coordinate 
ring of an affine variety X. For the Lie-Rinehart algebra {A, Der^^A) we have 

a~(Dert(A)) = lim (a (8 A/mP+i) , 

p 

where m c A A is the kernel ideal of the multiplication. We can consider this 
Hopf algebroid to be the localisation of the enveloping algebra A^ — viz. the pair 
groupoid — of il3.1l to the diagonal X c X x X. By Theorem l3.21l we have 

HH.(a~(x)) ^ n-x, 

HP.{3-'{X))^YlH-+^'{X). 

Since A is commutative, we also have HC.(A) = H'jg(X). In view of Proposition 
13.11 compare this with the van Est isomorphism of the previous remark. 
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